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@ The Hubbard and Anderson impurity models
© Green's functions and derivatives
© Dynamical Mean-Field Theory hand-wavy

@ Well-posedness of IPT-DMFT
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The finite Hubbard model in one slide

Interacting model for the m-electrons
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The finite Hubbard model in one slide

@ Start with a graph
G=(NE).

(a) The Pariser-Parr-Pople model of
benzene : the Hubbard model on the Gy

graph.
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The finite Hubbard model in one slide

@ Start with a graph
G=(NE).
@ One-site Fock space

Jrl = VeCt(’())? | T>7 | J/>7 ’ T\L>)

(a) The Pariser-Parr-Pople model of
benzene : the Hubbard model on the Gy

graph.
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The finite Hubbard model in one slide

@ Start with a graph
G=(NE).
@ One-site Fock space
Fi1= VeCt(’())? | T>7 | J/>7 ’ T\L>)
o Sites are distinguishable :
FH = ®ieA]:f

(a) The Pariser-Parr-Pople model of
benzene : the Hubbard model on the Gy

graph.
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The finite Hubbard model in one slide

@ Start with a graph
G=(NE).
@ One-site Fock space
Fi1= VeCt(’())? | T>7 | J/>7 ’ T\L>)
o Sites are distinguishable :
FH = ®ieA]:f
@ Electrons jump :

(0 Y
H® = Zi,jeE hija; ,3j.0
(a) The Pariser-Parr-Pople model of

benzene : the Hubbard model on the Gy

graph.
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The finite Hubbard model in one slide

(a) The Pariser-Parr-Pople model of
benzene : the Hubbard model on the Gy

graph.

A.Kirsch

@ Start with a graph
G=(NE).
@ One-site Fock space
Fi1= VeCt(’())? | T>7 | J/>7 ’ T\L>)
o Sites are distinguishable :
FH = ®ieA]:f
@ Electrons jump :

0o _ af 4

H® = Zi,jeE hija; ,3j.0

o Electrons repel locally
HY =3 en Uit iy
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The finite Hubbard model in one slide

(a) The Pariser-Parr-Pople model of
benzene : the Hubbard model on the Gy

graph.

A.Kirsch

@ Start with a graph
G=(NE).
@ One-site Fock space
Fi1= VeCt(’())? | T>7 | J/>7 ’ T\L>)
o Sites are distinguishable :
FH = ®ieA]:f
@ Electrons jump :

£0 _ N

H® = Zi,jeE hija; ,3j.0

o Electrons repel locally
HY =37 cp Uiiiaiy

@ The Hubbard Hamiltonian
Hy = HY + HY
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The finite Hubbard model in one slide

(a) The Pariser-Parr-Pople model of
benzene : the Hubbard model on the Cg

graph.
Analytic solutions : [Lieb, 2001]

A.Kirsch

@ Start with a graph
G=(NE).
@ One-site Fock space
Fi1= VeCt(’())? | T>7 | J/>7 ’ T\L>)
o Sites are distinguishable :
FH = ®ieA]:f
@ Electrons jump :

£0 _ N

H® = Zi,jeE hija; ,3j.0

o Electrons repel locally
HY =37 cp Uiiiaiy

@ The Hubbard Hamiltonian
Hy = HY + HY
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The finite Anderson impurity model in one slide (AIM)

@ Bath Fock space:
Frath = F (Hbath)

(a) The Anderson impurity model : an
impurity (Hubbard like) and an electronic
bath (conducting electrons, o-electrons)
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The finite Anderson impurity model in one slide (AIM)

@ Bath Fock space:
Frath = F (Hbath)

o AIM Fock space:
Famm = Fimp @ Fpath,
Jrimp =FH

(a) The Anderson impurity model : an
impurity (Hubbard like) and an electronic
bath (conducting electrons, o-electrons)
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The finite Anderson impurity model in one slide (AIM)

@ Bath Fock space:
Frath = F(Hbath)

o AIM Fock space:
Famm = Fimp @ Fpath,
Jrimp = JTH

° I%ath has energy levels:
Hgath = Zkebath ekhk

(a) The Anderson impurity model : an
impurity (Hubbard like) and an electronic
bath (conducting electrons, o-electrons)
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The finite Anderson impurity model in one slide (AIM)

Hamt = Himp © Hpath
(a) The Anderson impurity model : an

impurity (Hubbard like) and an electronic
bath (conducting electrons, o-electrons)

A.Kirsch

@ Bath Fock space:
Frath = F(Hpatn)
o AIM Fock space:
Famt = Fimp @ Fhath,
-Fimp =FH
o Bath has energy levels:
ngath = 2_kebath kK
@ Bath interacts with |mpur|ty:

ieN
Hlnt kEbath Vk Iakal o
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The finite Anderson impurity model in one slide (AIM)

Hamt = Himp © Hpath
(a) The Anderson impurity model : an

impurity (Hubbard like) and an electronic
bath (conducting electrons, o-electrons)

A.Kirsch

@ Bath Fock space:

Frath = F(Hpatn)

AIM Fock space:

Famm = Fimp @ Fhath,

-Fimp =FH

Bath has energy levels:

~o -

Hath = 2 kebatn €k Ik

Bath interacts with |mpur|ty:
A

Fine = febath Vi 'aka’ o

AIM non interacting:

[0 _ [0 [0 L

Hxma = Hi + Fpagn + Hing
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The finite Anderson impurity model in one slide (AIM)

@ Bath Fock space:
Frath = F(Hbath)
o AIM Fock space:
Famt = Fimp @ Fhath,
-Fimp =FH
° I%ath has energy levels:
ngath = D kebath €kPk
@ Bath interacts with |mpur|ty:
Hama = Himp © Hbath . = _;(eell\oath CRES
@ AIM non interacting:

i i : 10 _ [0 70 i
.(a) The Anderson impurity model : an . Hamg = Hpy + Hpoi + Hine
impurity (Hubbard like) and an electronic . .
bath (conducting electrons, o-electrons) e ’e‘IM Ham,\'lotoman',\ )
Hame = Hama + Hy
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Disclaimer

Green’s functions are not
Green's functions.
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Disclaimer

Green'’s functions are not
always Green's functions.
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Disclaimer

Quantum Green’s functions are not
always mathematical Green’s functions.
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Disclaimer

Quantum physics Green’s functions are not
always mathematical Green’s functions.
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Disclaimer

Quantum physics Green's functions (Propagators) are not
always mathematical Green's functions (Fundamental solution associated to a Linear
Differential Operator).
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Quantum physics Green's functions

Heisenberg picture : H(O)(t) = e~tHOe=1tH.
State is a linear form on operators ['(O) = Tr(pO), p? < p, equilibrium [p, H] = 0

Definition (Green's functions)

The one-body time-ordered Green’s function G of a quantum system 7, Hin astate I
is the matrix-valued function with

i Gig jor (t) = ©()T (H(3i0)(£)2] ) + ©(— )T (H(3] ., )(t)31,0)
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Quantum physics Green's functions

Heisenberg picture : H(O)(t) = e itHOe=itH,
State is a linear form on operators (O) = Tr(pO), p? < p, equilibrium [p, H] = 0

Definition (Green's functions)

The one-body time-ordered Green’s function G of a quantum system 7, Hin astate I
is the matrix-valued function with

iGigjor (t) = O(t)T (H(3,0)(1)3] ) +O(—t)I (H(3] ., )(t)30)

N
particle
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Quantum physics Green's functions

Heisenberg picture : H(O)(t) = e itHOe=itH,
State is a linear form on operators (O) = Tr(pO), p? < p, equilibrium [p, H] = 0

Definition (Green's functions)

The one-body time-ordered Green’s function G of a quantum system 7, Hin astate I
is the matrix-valued function with

iGigjor (t) = O(t)T (H(3:,0)(1)3] /) + ©(— ) (H(a] ., )(t)30)

particle hole
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Quantum physics Green's functions

Heisenberg picture : H(O)(t) = e itHOe=itH,
State is a linear form on operators (O) = Tr(pO), p? < p, equilibrium [p, H] = 0

Definition (Green's functions)

The one-body time-ordered Green’s function G of a quantum system 7, Hin astate I
is the matrix-valued function with

iGigjor (t) = O(t)T (H(3:,0)(1)3] /) + ©(— ) (H(a] ., )(t)30)

particle hole

@ Quantum physics Green's functions are explicitly defined.
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Quantum physics Green's functions

Heisenberg picture : H(O)(t) = e itHOe=itH,
State is a linear form on operators (O) = Tr(pO), p? < p, equilibrium [p, H] = 0

Definition (Green's functions)

The one-body time-ordered Green’s function G of a quantum system 7, Hin astate I
is the matrix-valued function with

iGigjor (t) = O(t)T (H(3:,0)(1)3] /) + ©(— ) (H(a] ., )(t)30)

particle hole

@ Quantum physics Green's functions are explicitly defined.

e Enough to compute many observables : average energy (Galitski-Migdal),
conduction behaviour, Chern number, etc.
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Quantum physics Green's functions

Heisenberg picture : H(O)(t) = e itHOe=itH,
State is a linear form on operators (O) = Tr(pO), p? < p, equilibrium [p, H] = 0

Definition (Green's functions)

The one-body time-ordered Green’s function G of a quantum system 7, Hin astate I
is the matrix-valued function with

iGigjor (t) = O(t)T (H(3:,0)(1)3] /) + ©(— ) (H(a] ., )(t)30)

particle hole

@ Quantum physics Green's functions are explicitly defined.

e Enough to compute many observables : average energy (Galitski-Migdal),
conduction behaviour, Chern number, etc.

o Experimentally "measurable” : ARPES (see Lucia's talk)
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Fourier quantum physics Green's functions

If dim(#) is finite, G is oscillatory (Lehmann-Killen’s representation).

A.Kirsch Mathematical insights on DMFT



Fourier quantum physics Green's functions

If dim(#) is finite, G is oscillatory (Lehmann-Killen’s representation).

Definition (Generalized Fourier transform)

The Generalized Fourier transform [Titchmarsh,1948] of G is the map G defined for
z € C+ by

G(z) = /R+ eZtG(t)dt + /R_ eZtG(t)dt

Well-defined and invertible.
—G : C+ — C+ and analytic :
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Fourier quantum physics Green's functions

If dim(#) is finite, G is oscillatory (Lehmann-Killen’s representation).

Definition (Generalized Fourier transform)

The Generalized Fourier transform [Titchmarsh,1948] of G is the map G defined for

z € C+ by
G(z) = / e"ZtE;(t)dtJr/ et G(t)dt
R+ R-
Well-defined and invertible.
—G : C+ — C+ and analytic : Herglotz functions.
a.k.a
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Fourier quantum physics Green's functions

If dim(#) is finite, G is oscillatory (Lehmann-Killen’s representation).

Definition (Generalized Fourier transform)

The Generalized Fourier transform [Titchmarsh,1948] of G is the map G defined for

z € C+ by
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R+ R-
Well-defined and invertible.
—G : C+ — C+ and analytic : Herglotz functions.
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Fourier quantum physics Green's functions

If dim(#) is finite, G is oscillatory (Lehmann-Killen’s representation).

Definition (Generalized Fourier transform)

The Generalized Fourier transform [Titchmarsh,1948] of G is the map G defined for
z € C+ by
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Well-defined and invertible.
—G : C+ — C+ and analytic : Herglotz functions.
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Fourier quantum physics Green's functions

If dim(#) is finite, G is oscillatory (Lehmann-Killen’s representation).

Definition (Generalized Fourier transform)

The Generalized Fourier transform [Titchmarsh,1948] of G is the map G defined for
z € C+ by

G(z) = /R+ eZtG(t)dt + /R_ eZtG(t)dt

Well-defined and invertible.
—G : C+ — C+ and analytic : Herglotz functions.
a.k.a Pick, Nevanlinna, Riesz,
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Fourier quantum physics Green's functions

If dim(#) is finite, G is oscillatory (Lehmann-Killen’s representation).

Definition (Generalized Fourier transform)

The Generalized Fourier transform [Titchmarsh,1948] of G is the map G defined for
z € C+ by

G(z) = /R+ eZtG(t)dt + /R_ eZtG(t)dt

Well-defined and invertible.
—G : C+ — C+ and analytic : Herglotz functions.
a.k.a Pick, Nevanlinna, Riesz, Weyl,
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Fourier quantum physics Green's functions

If dim(#) is finite, G is oscillatory (Lehmann-Killen’s representation).

Definition (Generalized Fourier transform)

The Generalized Fourier transform [Titchmarsh,1948] of G is the map G defined for
z € C+ by

G(z) = /R+ eZtG(t)dt + /R_ eZtG(t)dt

Well-defined and invertible.
—G : C+ — C+ and analytic : Herglotz functions.
a.k.a Pick, Nevanlinna, Riesz, Weyl, Titchmarsh,
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Fourier quantum physics Green's functions

If dim(#) is finite, G is oscillatory (Lehmann-Killen’s representation).

Definition (Generalized Fourier transform)

The Generalized Fourier transform [Titchmarsh,1948] of G is the map G defined for
z € C+ by

G(z) = /R+ eZtG(t)dt + /R_ eZtG(t)dt

Well-defined and invertible.
—G : C+ — C+ and analytic : Herglotz functions.
a.k.a Pick, Nevanlinna, Riesz, Weyl, Titchmarsh, R-function

A.Kirsch Mathematical insights on DMFT



Green's functions without interaction

Non-interacting Green's function

The non-interacting Green's function G° is the Green's function of (H, I:IO, ).

Non-interacting Green's functions are Green's functions

Assume HO = ZiJ h,-,jé;réj. Then, the non-interacting Green’s function GY is the
resolvent of h :

G%z)=(z—h)L.
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Green's functions without interaction

Non-interacting Green's function

The non-interacting Green's function G° is the Green's function of (H, I:IO, ).

Non-interacting Green's functions are Green's functions

Assume HO = ZiJ h,-,jé;réj. Then, the non-interacting Green’s function GY is the
resolvent of h :

G%z)=(z—h)L.

In the time domain, equivalent to | (id; — h) G° = 4.
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DMFT ustensil : the self-energy X.

Definition (Self-energy)

The self-energy ¥ associated to (H, I:I, ) is the map defined for all z € C+ by

Y(2) = (6°%(2)) ' - G(z) . (1)

e Etymology : (1) <= G(z) = (z — (h+ X(2)))~*
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DMFT ustensil : the self-energy X.

Definition (Self-energy)

The self-energy ¥ associated to (H, I:I, ) is the map defined for all z € C+ by

Y(2) = (6°%(2)) ' - G(z) . (1)
e Etymology : (1) «= G(2) = (z— (h+ Z(2)))!
effective h’

@ —X is a Herglotz function.
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DMFT ustensil : the self-energy X.

Definition (Self-energy)

The self-energy ¥ associated to (H, I:I, ) is the map defined for all z € C+ by

Y(2) = (6°%(2)) ' - G(z) . (1)
e Etymology : (1) «= G(2) = (z— (h+ Z(2)))!
effective h’

@ —X is a Herglotz function.
o If dim(H) is finite (see M.Lindsey's thesis),3ax € S(C)",ex € R s.t. Vz € C+,

1

a
Z — €k

Y(2) =T+ } 2)
k
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DMFT ustensil : the hybridization function A.

DMFT is formulated with Green's functions blocks : for an Anderson impurity model
we have

Bathsize 1 -1
lmp (Z - h)|mp <Z - himp - Z Z— € Vk Vlj) (3)
k=1
Definition (Hybridization function)
The hybridization function A associated to an Anderson impurity model is the
matrix-valued map defined for all z € C+ by

Bathsize

A= Y L wV (4)

Z — €
k=1 k
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DMFT ustensil : the hybridization function A.

DMFT is formulated with Green's functions blocks : for an Anderson impurity model
we have

Bathsize 1 -1
lmp (Z - h)|mp <Z - himp - Z Z— € Vk Vlj) (3)
k=1
Definition (Hybridization function)
The hybridization function A associated to an Anderson impurity model is the
matrix-valued map defined for all z € C+ by

Bathsize

A= Y L wV (4)

Z — €
k=1 k

A fully characterizes the bath and its coupling to the impurity
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DMFT recipe: from one Hubbard to several small Anderson

()

Il
¥ % % % ¥ ¥
¥ % % % ¥ %
* % %X % ¥ %
¥ % % % ¥ ¥
¥ % % % ¥ %
¥ % % % ¥ %

DMFT recipe : find the Greens function G of a Hubbard model (Fp, I:IH) in a state I'.
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DMFT recipe: from one Hubbard to several small Anderson

Step 1 : partition the vertices A = |—|,N:1/\i of the original Hubbard graph G = (A, E)
and focus on the blocks (Gj)i=1 n.
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DMFT recipe: from one Hubbard to several small Anderson

G1

Go

Step 1 : partition the vertices A = |—|,N:1/\i of the original Hubbard graph G = (A, E)
and focus on the blocks (Gj)i=1 n.
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DMFT recipe: from one Hubbard to several small Anderson

@ -

Step 2 : Define G; = (/\,'7 E,'), E = {{k, /} e E ke /\,}
G of Hy with G; # G; of Hy with G 1| Even if not interacting !

A.Kirsch Mathematical insights on DMFT



DMFT recipe: from one Hubbard to several small Anderson

Step 3 : define Giyp,i of an Anderson impurity model with an electronic bath for each
impurity
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DMFT recipe: from one Hubbard to several small Anderson

Step 3 : define Giyp,i of an Anderson impurity model with an electronic bath for each
impurity (A;)i=1,n-
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DMFT recipe: from one Hubbard to several small Anderson

Step 3 : define Giyp,i of an Anderson impurity model with an electronic bath for each
impurity (A;)i=1,n. Which one ?
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Self-consistent equation on (A;)

Question : (A;) ?
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Self-consistent equation on (A;)

Question : (A;) ?
@ First answer : s.t. Gimp,; = Gj of I:IH of G.
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Self-consistent equation on (A;)

Question : (A;) ?
@ First answer : s.t. Gimp,i = G;? of I:IH of G. Unknown ! X
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Self-consistent equation on (A;)

Question : (A;) ?
@ First answer : s.t. Gimp,i = G;? of I:IH of G. Unknown ! X

o DFMT answer : s.t. Gimp,i = GDMFT,/-

A Kirsch Mathematical insights on DMFT



Self-consistent equation on (A;)

Question : (A;) ?
@ First answer : s.t. Gimp,i = G;? of I:IH of G. Unknown ! X
o DFMT answer : s.t. Gimp,i = GDMFT,/- GpmrT ?

o Requirement : Gpypr = GO if not interacting (exact)
- -1
<~ ZDMFT = (GO) 1_ GDMFT =0.
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Self-consistent equation on (A;)

Question : (A;) ?
First answer : s.t. Gimp,i = G;? of I:IH of G. Unknown ! X

DFMT answer : s.t. Gimp,i = GDMFT,i- GDMFT ?

Requirement : Gpyrr = GO if not interacting (exact)
— -1
< YpDMFT = (GO) 1_ GDMFT =0.

@ DMFT self-consistency : Gpyvpr = ((GO)_1 - ZDMFT)_l with XpyMeT

N

Somer = EP Timp.i (5)
i=1
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Self-consistent equation on (A;)

Question :
First answer : s.t. Gimp,i = G;? of I:IH of G. Unknown | X

DFMT answer : s.t. Gimp,i = GDMFT,i- GDMFT ?

2 DMFT | =

zimp,l

(A) ?

Requirement : Gpyrr = GO if not interacting (exact)
- -1
<= YpDMFT = (GO) 1_ GDMFT =0.

Zimp,2

DMFT self-consistency : Gpypr = ((GO)_:l — ZDMFT)_l with puvrT
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The impurity solver : A; — X jp i

Impurity solver : A; — ¥; for each impurity.
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The impurity solver : A; — X jp i

Impurity solver : A; — ¥; for each impurity.

@ One theoretical, many in practical computations : lterated Perturbation Theory
(IPT), continuous-time Monte Carlo, exact diagonalisation etc.
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The impurity solver : A; — X jp i

Impurity solver : A; — ¥; for each impurity.

@ One theoretical, many in practical computations : Iterated Perturbation Theory
(IPT), continuous-time Monte Carlo, exact diagonalisation etc.
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The impurity solver : A; — X jp i

Impurity solver : A; — ¥; for each impurity.

@ One theoretical, many in practical computations : Iterated Perturbation Theory
(IPT), continuous-time Monte Carlo, exact diagonalisation etc.

e Doesn't require a (H, H) formulation (1)
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The impurity solver : A; — X jp i

Impurity solver : A; — ¥; for each impurity.

@ One theoretical, many in practical computations : Iterated Perturbation Theory
(IPT), continuous-time Monte Carlo, exact diagonalisation etc.

o Doesn't require a (H, H) formulation (1)
e Computationally expensive part of DMFT.
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The impurity solver : A; — X jp i

Impurity solver : A; — ¥; for each impurity.

@ One theoretical, many in practical computations : Iterated Perturbation Theory
(IPT), continuous-time Monte Carlo, exact diagonalisation etc.

o Doesn't require a (H, H) formulation (1)

o Computationally expensive part of DMFT.

For each impurity, X; = IPT(A;)
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DMFT equations (1)

We are looking for A; such that for all z € C+,

(o)}

Gimp,i(2) = GpmrT,i(2)

o ~

(=}
~— — ~— —

~ o~ o~ o~
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DMFT equations (1)

We are looking for A; such that for all z € C+,

Gimp,i(z) = Gpmrr i(2) (6)
Gipi(2) = Gpper i(2) (7)
(8)
9)
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DMFT equations (1)

We are looking for A; such that for all z € C+,

1mp /(Z) GDMFT,i(Z) (6)
1mp /(z) GEI]\./IFT,i(z) (7)
—1 N -1 -t
(eotozowir],)=([ (-] ]) o
i=1 .
(9)
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DMFT equations (1)

We are looking for A; such that for all z € C+,

Gimp,i(2) = GpmrT,i(2) (6)
Gi;nlp,i(z) = GB/bFT,i(Z) (7)
-1 N -1 -t
(et ruwtor] )= (((rr-pm) ]) o
=1 .
(9)

Schur-Levitt
complement !
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DMFT equations (1)

We are looking for A; such that for all z € C+,

unp, i(z) = Gpwmrr,i(2) (6)
1mp /(Z) GBI\lﬂFT,i(Z) (7)

1 N o -
<{(Z s Tan (Z))l]imp) _ ( |:<z ~-h-P z,-(z)> ] ) (8)
i=1 1

-1
N
z—h —i(z) — Di(2) =z — h; — Ti(2)—h;; (z -m— P zj(z)) h- o (9)

J#ij=1
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DMFT equations (2)

DMFT equations : for all i =1, N

-1

il-—m— @ %] Al (E)imw— A (Self-consistent, global)
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DMFT equations (2)

DMFT equations : forall i =1, N

N -1

Aj=hz|-—h— @ Y h;{7 , (Xi)izan — A (Self-consistent, global)
J#ij=1

‘Z,- =IPT(4)) ‘, Aj— X (IPT equation, local)

with IPT as an impurity solver.
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DMFT equations (2)

DMFT equations : for all i =1, N

N ~1
Aj=hiz|-—h— EB Y h:_r7 , (Xi)izan — A (Self-consistent, global)
J#ij=1
‘Zi =1PT(4A)) ‘, A=Y (IPT equation, local)

with IPT as an impurity solver.
DMFT unknowns : A; € ©;, X, € &;
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DMFT equations (2)

DMFT equations : for all i =1, N

N ~1
Aj=hiz|-—h— EB Y h:_r7 , (Xi)izan — A (Self-consistent, global)
J#ij=1
‘Zi =1PT(4A)) ‘, A=Y (IPT equation, local)

with IPT as an impurity solver.
DMFT unknowns : A; € ®D;, X, € 6; 7
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DMFT equations (2)

DMFT equations : forall i =1, N

N —1
Aj=hz|-—h— @ Y h;rj , (Xi)iz=in — A (Self-consistent, global)
J#ij=1
‘Z, =IPT(4)) ‘7 AVE= W (IPT equation, local)

with IPT as an impurity solver.
DMFT unknowns : A; € ®;, X, € G; 7
Mathematical question : ®,& s. t. well posed and existing solution 7
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Self-coherent equation well-posedness for finite bath

Finite bath dimension well-posedness (L. Lin, M. Lindsey, R. Schneider, 2019)

Assume Vi =1, n, 3C; € SN;(C); LieN,Vk=1,L; a € SNI.(C)JF,E/( € R s.t.
Vz € C+,

L;

Z,’(Z) = C,' + Z

k=1

1

Z — €k

ak (10)

Then Vi =1, N, A; is well-defined and there exists L; € N,
Vk=1,L;, 3, € 'SN,~((C)+,€I< €ERs.t. Vz e C+,

Z,

(11)
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Self-coherent equation well-posedness for finite bath

Finite bath dimension well-posedness (L. Lin, M. Lindsey, R. Schneider, 2019)

Assume Vi = 1,n, 4C; € SN,'(C)a LieN,Vk=1,L;a¢ € SN;(C)+75k € R s.t.

Vz € C+,
L;

Si(z2) =G+

k=1

1

Z— €k

dk (10)

Then ViN: 1, N, A; is well-defined and there exists Z,- e N,
Vk=1,L;,3 € SNI((C)+,gk € Rs.t. Vz € C+,

Aj(z) = — 3k (11)

Issue : L; > L;, no finite bath solution with IPT
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Self-coherent equation well-posedness for any bath

Extension : ¥(z) = C + [p 2=-dpu(e), p a S(C)T-valued measure

Proposition : Self-coherent infinite bath well-posedness
Assume Vi =1, N, 3C; € Sy.(C)™ and u; a Sy,(C)"-valued measure (with

integrability condition), s.t. Vz € R,

Yi(z) =G+ / dpi(e) (12)
RZ— €
Then Vi =1, N, A; is well-defined and there exists v; a finite Sy,(C)"-valued measure
such that |
Ai(z) :/ dvi(e) (13)
RZ— €
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The IPT solver

In the litterature : only found with N = |A| (one site per impurity), with I the Gibbs
state at 3, i, using Matsubara's Green's functions and frequencies w, = %

Given A, IPT proceeds in two steps :
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The IPT solver

In the litterature : only found with N = |A| (one site per impurity), with I the Gibbs
state at 3, i, using Matsubara's Green's functions and frequencies w, = %
Given A, IPT proceeds in two steps :

@ First compute Vn € N,

3
u 2 iwnT —iwyT 1
ZH_E—FU / ¢ ( Ze n’_himp‘l‘l‘_A(iwn/)) o (14)

n’'€Z

A.Kirsch Mathematical insights on DMFT



The IPT solver

In the litterature : only found with N = |A| (one site per impurity), with I the Gibbs
state at 3, i, using Matsubara's Green's functions and frequencies w, = %
Given A, IPT proceeds in two steps :

@ First compute Vn € N,

3
u 2 iwnT —iwyT 1
ZH_E—FU / ¢ ( Ze n’_himp‘l‘l‘_A(iwn/)) o (14)

n’'€Z

@ "Analytic continue” it : find X : C+ — C+ analytic s.t.

Vn € N, X (iwn) = p (15)
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IPT well-posedness (1)

Proposition : IPT first-step well-posedness

Given v a positive measure (w. integrability conditions) s.t. Vz € C+,

A(z):/R 1 dv(e) (16)

Z— €

Then Vn € N, X, is well-defined and du a positive and finite measure s.t. Vn € N,

U 1
T,= o+ /R ——du() (17)

v
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IPT well-posedness (2)

Proposition : IPT second-step well-posedness

The analytical continuation problem
Find X : C+ — C+ analytic s.t. Vn € N, X(iw,) = X, (18)

admits a unique solution if
@ A represents a bath of finite dimension

@ v is compactly supported

Solution : v finite, (probably not compactly supported) ...
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Conclusion

Ongoing :
@ Necessary conditions on the solution.
o Functional equation on the density of v if v < Lebesgue.

@ Convergence study : which topology ?
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Conclusion

Ongoing :
@ Necessary conditions on the solution.
@ Functional equation on the density of v if v < Lebesgue.

@ Convergence study : which topology ?

(c) M. Vinteler

(a) S. Perrin-Roussel (M1 student)
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