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Electronic Structure problem 1/19
» Electronic, time-independent non-relativistic Schrédinger equation: Exponential Wall Problem

(T + ch + ‘A/e)(t) |\I/n> =F, |\I}n>
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Electronic Structure problem 1/19
» Electronic, time-independent non-relativistic Schrédinger equation: Exponential Wall Problem

(T + ch + ‘A/e)(t) |\I/n> =F, |\I}n>

» Kohn—Sham Density Functional Theory:

T+ Vigs + [ dr 0Brxe[n]
on(r)

HKS
n=n_ 0

ﬁ<r>)|¢5<8>  £KS |oks)

» (in-principle-exact) Ground-state energy in (J(\V'7):

5Exc
Eo = EKS 4 By [0 ] /d xe[]

5n(r) Jne (r)

oK
n=n 0
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Limitations of regular KSDFT 2/19

Strongly correlated systems
Ho [1 1Zg+, aug-cc-pVQZ]

Energy [Ep)
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Limitations of regular KSDFT 2/19

Charged and neutral excitation energies

Strongly correlated systems
EN + QN zel —eff

Ho [1 1Zg+, aug-cc-pVQZ]

-0.85
A KT
IN AN
u | N
w
3 20 Ep
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HF —— |
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PBE — | Q Eg
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Limitations of regular KSDFT 2/19

Strongly correlated systems
Ho [1 1Zg+, aug-cc-pVQZ]

Energy [Ey]

FCl ——
HF —— |
LDA ——
PBE — |
B3LYP ——
‘ ) ) ) _CAM-B3LYP -
1 2 3 4 5 6 7 8 9 10
Interatomic distance [units of a,]

Site-Occupation Embedding Theory

Charged and neutral excitation energies
EN + QN zel —eff

A KT

energy
&
Sy}

St =g

S el

Ensemble Density Functional Theory
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From ab-initio Hamiltonian to the Hubbard model 3/19

» Second quantized electronic Hamiltonian projected onto NV basis functions {¢;(r)}:

Zztm w'CJG' +5 Z Z Zj|kl C C Cla'ckcf)
ij o ’ijlO’U‘

a0 (-T2 ) o)
7 (r1)@5 (r2)dr(r1)di(ra)
fjdrlrg

ria

~~
S,
<
Il

(ijlk1)
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From ab-initio Hamiltonian to the Hubbard model 3/19

» Second quantized electronic Hamiltonian projected onto NV basis functions {¢;(r)}:

N N
f RE. S Y (i) & eme
H = Z Z tijc;{acja' + E (Z]|k1>czgcjgcl56ka)

ij o ijkl oo

> {¢i(r)} (centered on the atomic positions) form an atomic shell with smaller radius than r;;
tij — =t(dj¢ir1) + 950-1y),  (4lkl) — U = (dilii)
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From ab-initio Hamiltonian to the Hubbard model 3/19

» Second quantized electronic Hamiltonian projected onto NV basis functions {¢;(r)}:

N N
f RE. S Y (i) & eme
H = Z Z tijczocja' + E (Z]|k1>czgcj'gcl56ka)

ij o ijkl oo

v

{#i(r)} (centered on the atomic positions) form an atomic shell with than r;;
tij — —t(j(ir1) + 05¢i-1)),  (ijlkl) — U = (iilii)

» Hubbard model: .
H=-tY5(E ejo+he)+ U iy — 10>
(i) i

iy o i

» Bethe Ansatz: (and numerical) solution in 1D (Lieb & Wu 1968)
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Embedding methods 4/19

U U U U U > WFT-in-DFT
@@ @@ 0

t t t t » Dynamical Mean-Field Theory, Self-energy Embedding
Theory
@ t ® t e / @ t ® > Density-Matrix Embedding Theory and related
(Householder)
@ Q@ @ @ Challenge: and embedding
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Site-Occupation Embedding Theory (SOET) 5/19

v v U U U
‘t.t’t‘t.

Ey = m\Ii’n{(\I!|T +U [T)}

¢ 90 @ @ Fo=mn{li(n)+ Fux(n)}

% . —bath
¢ 0. -0 0. 0 Eo=mq}n{<\IfIT+U1mp|‘P)+EHXC (n")}
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Extracting local quantities (impurity: i = 0) 6/19
» Uniform model — LDA is exact

E"(n) = Eo(n) - E™P(n )—)Zec(nz) E™P(n) = ¥ eo(ns) + 22 (n)

i#0

where

e (n) = ec(no) - ™" (n)

1BS, N. Nakatani, M. Tsuchiizu, E. Fromager, Phys. Rev. B 97, 235105 (2018).
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Extracting local quantities (impurity: i = 0)
» Uniform model — LDA is exact
E,""(n) = Eo(n) - E™(n) 225 S ee(ni) = B () = B e(ns) + 2 ()

i#0

where

e (n) = ec(no) - ™" (n)

» Extraction of the exact double occupation and per-site energy?:
o aébath n\yimp
d= <N"T“(ll >\\/\ np + #
ou
lmp) + aec(”‘l/nnp) N Uaélc)ath(n‘l/imp)
ot ou

1BS, N. Nakatani, M. Tsuchiizu, E. Fromager, Phys. Rev. B 97, 235105 (2018).

e = U{nopt7ig) ) pime + ts(ng v
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Correlation functionals 2 7/19
iBALDA (M)
L — 400, ec(n) —| eBALPA(n) EimP(n) —y BALDA(;, )

900 0 0 -0 00 -0 0O 2ot (m) =

Dimer(2L)  DFT SOET 2L-BALDA
oo oo oo

Eimp E2L(U/2.n
EM(Ung)  EPU/2,mg) | e @) T B (U/2m0)

2

o« ®e e STAM.BALDA
. ‘o o ® ~ G
: : ; : Eimp(n) —s ESIAM ()
i SOET ! =9 SIAM © c
o ® ~~ Q .

~ " \. ’

®.o-® .o

2Lima et al. PRL 2003 ; Carrascal et al. J. Phys. Condens. Matter 2015 ; K. Yamada, Prog. Theo. Phys. 1975 ;
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lllustration on the 1D Hubbard model 8/19
0.25 ‘
DMRG ——
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lllustration on the 1D Hubbard model 8/19
0.25 ‘
DMRG ——
iBALDA(M=1) ——
0.2}
=)
S
E 015}
d ~ (Rt o) )wime g
% 0.1+
Typically what is obtained in DMET 8
<
0 ‘ ‘ ‘ ‘
0 2 4 6 8 10
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lllustration on the 1D Hubbard model 8/19
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lllustration on the 1D Hubbard model 8/19
0.25 ‘
DMRG ——
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02 L iBALDA(M=2)
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E 0151}
g
S
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lllustration on the 1D Hubbard model 8/19
0.25 ‘
DMRG ——
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lllustration on the 1D Hubbard model 8/19
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Fundamental Gap

N _JN_ 4N __N__N
Ej =I"-A" =e —eg+

» DFT+U, GW

» Derivative discontinuity: Afun- = Afun-[p]

(PPLB 1982, Perdew Levy 1983)

» Jump in the xc potential when crossing an
integer number of electrons

Optical gap

QN =EN Bl =) eV +

» TDDFT, BSE

» Derivative discontinuity: A% = A%%[p]
(Gross, Oliveira, Kohn 1988)

» Jump in the xc potential when moving from
N-electron ground state to an ensemble of
N-electron ground and excited states
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Exact versus KS gap 9/19

Fundamental Gap
Eévle—AN=eg—€%+
» DFT+U, GW

» Derivative discontinuity: Afun- = Afun-[p]

(PPLB 1982, Perdew Levy 1983)

» Jump in the xc potential when crossing an
integer number of electrons

Challenge:

Optical gap

QN =EN Bl =) eV +

» TDDFT, BSE

» Derivative discontinuity: A% = A%%[p]
(Gross, Oliveira, Kohn 1988)

» Jump in the xc potential when moving from
N-electron ground state to an ensemble of
N-electron ground and excited states

single DFT calculation able to reproduce the DD
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Optical gap: GOKDFT 10/19

> Consider a weighted ensemble of the ground- and first-excited states:
EY=(1-w)EY +wEY,
with the ensemble density as a basic variable

n”(r) = (1 -w)ne(r) + wny(r)

»> Interestingly:

dE™
G P
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Optical gap: GOKDFT 11/19
» GOKDFT variational principle:

E" = min {Tr[ L”T] + Eggyc[naw] / dr v(r)n4w (r)}
,Yur

» The minimizing KS ensemble density matrix
Aw A 2 o KS, KS,
3= (L-w)ig +wdy’, 4 = @) (@™

reproduces the exact interacting ensemble density and fulfils ensemble analog SCE

@FS’W)

. O s , /
T+ ‘/ext + f dr + Mﬁ(r) |¢,Ks7w) _ gKS,w
(5n(r) g %
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Derivative discontinuity: weight-derivative 12 /19

w

dE
> Expressing T - QN within GOKDFT:
w

OB [n] w=o | OBxe[nuy]

V] = ey [n] - e [n] + =2 "

_ opt.
- Axc

» Infamous DD is nothing but the weight-derivative of the xc energy in GOKDFT



(‘ ~ Chimie Physique Théorique
1o et Modélisation MOLECULES TO MATERIALS

Institut Charles Gerhardt Montpellier

Derivative discontinuity: weight-derivative 12 /19

w

dE
> Expressing T - QN within GOKDFT:
w

OEL[n] w=o | OFx [”\I/z}" ]
ow Sw

OV [n] = 55 0] - ]+ - Az

w=0

» Infamous DD is nothing but the of the xc energy in GOKDFT

> Designing weight-dependent functionals: Generalized Adiabatic Connection for Ensembles
(Franck, Fromager 2014)

Eie[n] = Euxe[n ]+(E“’[] Exc[n])

EHXC[n]+ 0 dé' [
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Fundamental Gap: Grand canonical ensemble 13/19

» PPLB 1982, Perdew Levy 1983 (DFT fractional e~ number, DD — jump in the xc potential)

dEy.[n]
on(r)

dEy.[n]
on(r)

N_ 4N __N__N
I -AY =¢] —epg +

N+6 N-6

» In principle sufficient to extend the domain of definition of Ey.[n] to fractional electron numbers
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Fundamental Gap: Grand canonical ensemble 13/19

v

PPLB 1982, Perdew Levy 1983 (DFT fractional e~ number, DD — jump in the xc potential)

dEy.[n] dEy.[n]
IN _ AN _.N__N " XC - xC
fLTCH on(r) on(r)
» In principle sufficient to extend the domain of definition of Ey.[n] to electron numbers
» Far from trivial, and maybe (Baerends)

» Grand canonical ensemble (Kraisler, Kronik 2013)
n®(r) = (1-a)ngy-1 + angy (r)

—> N =a+ N -1 (analogy with GOK-DFT can only be partial, and )
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N-centered ensemble DFT 14 /19

» Ensemble containing the anionic, cationic and neutral species (Senjean, Fromager 2018)
ENS =BT By T+ (1-20) By

> Interestingly:

dBhs BN
dg
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N-centered ensemble DFT

14 /19

» Ensemble containing the anionic, cationic and neutral species (Senjean, Fromager 2018)

ENS =BT By T+ (1-20) By

> Interestingly:

dg

dEN* _ N

» By construction, the ensemble density integrates to V

*» In exact analogy with GOKDFT:

1
(—§v2 + Vet (1) +

0E

N,
Hxi [nf‘évf ]

on(r)

N, N, N,
)%‘ 5(I')zsi 5902' g(r).
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Derivative discontinuity: weight-derivative 15/19
N,¢
» Expressing i - EJ within N-centered ensemble DFT:
BN —o | OEN A [ngn
BV () =<3 - (o) 2B [n) om0 | 2B ugl]
o€ k|,
» Infamous DD is nothing but the of the xc energy in N-centered ensemble DFT
> Design of functionals - GACE

» Same formalism: advances in GOKDFT will benefit N-centered ensemble DFT
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lllustration on the Hubbard dimer 16 /19

» Asymmetric Hubbard dimer, the ensemble kinetic energy and ensemble KS potential can be
obtained

TV (n) = -2t/ (£~ 1)? = (n - 1)?

A () = 772 Zj(; 171—1)2

» The ensemble noninteracting representability condition holds:

E<nNtc2-¢

> As well as the analytical expression for the ensemble Hx energy:

Byt - 5 |1+ a-20 (21) ]

» Access to everything , except FN¢[n], Av™<[n] and EN:4[n]
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BRSO = Bl + [ o), A = e ) 17 /19

T 0.2 .
0 e D e 0.1 :
T 005 Rt . 0
S T = |
2. o1t Ut =02 \\ o T s = T
% \\ 0.2 U/t =102 0
015 Ln =102 n=05 —n=08 — 03, 02 n=05 n=08
g LP=04——n=06 n=1— Oy 04— n =06 n=1 —o
o 05
2 4
L . 2
—
E o0 — 0
g ST : = 5
3L U/t -5 - - e U/t_‘: 5 ; \
4 » 8 . \
5 -10 i
40
30 10
= 20
E = 0
] 0 B §
L N T SRR P T =
“ 20 -40 U/t =50
-30 - -60
ﬂ:g ‘ - -80
0 0.1 02 0.3 0.4 0.5 100 i
0.1 0.2 0.3 0.4 0.5
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Extensions and Perspectives 18 /19

> Projected-SOET: opening of the band gap with a single impurity
(Senjean 2019)

» Generalization to quantum chemical Hamiltonian
(Senjean, Yalouz, Nakatani, Fromager 2022)

» Weight-dependent functionals for quantum chemistry based on the finite uniform electron gas
(Loos, Fromager 2020)

> Neutral charged excitations described simultaneously with ensemble DFT
(Filip, Loos, Senjean, Fromager 2024)
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