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Introduction

Simulation of strong-field–matter interaction

▶ Time-dependent Schrödinger Equation (hard in general)

▶ Time Dependent Perturbation Theory 𝐻 = 𝐻0 − 𝐷⃗ ⋅ ⃗𝐹(𝑡)

▶ What about strong field?

Marie Labeye (ENS) Workshop MSQM 2024 3 / 32



Introduction

Simulation of strong-field–matter interaction

▶ Time-dependent Schrödinger Equation (hard in general)

▶ Time Dependent Perturbation Theory 𝐻 = 𝐻0 − 𝐷⃗ ⋅ ⃗𝐹(𝑡)

▶ What about strong field?

𝑖d |Ψ⟩
d𝑡 = 𝐻 |Ψ⟩

|Ψ(𝑡)⟩

Marie Labeye (ENS) Workshop MSQM 2024 3 / 32



Introduction

Simulation of strong-field–matter interaction

▶ Time-dependent Schrödinger Equation (hard in general)

▶ Time Dependent Perturbation Theory 𝐻 = 𝐻0 − 𝐷⃗ ⋅ ⃗𝐹(𝑡)

▶ What about strong field?

TDPT

|𝜙𝑖⟩

∣𝜙𝑓⟩

Marie Labeye (ENS) Workshop MSQM 2024 3 / 32



Introduction

Simulation of strong-field–matter interaction

▶ Time-dependent Schrödinger Equation (hard in general)

▶ Time Dependent Perturbation Theory 𝐻 = 𝐻0 − 𝐷⃗ ⋅ ⃗𝐹(𝑡)

▶ What about strong field?

TDPT

|𝜙𝑖⟩

∣𝜙𝑓⟩
1 photon

Marie Labeye (ENS) Workshop MSQM 2024 3 / 32



Introduction

Simulation of strong-field–matter interaction

▶ Time-dependent Schrödinger Equation (hard in general)

▶ Time Dependent Perturbation Theory 𝐻 = 𝐻0 − 𝐷⃗ ⋅ ⃗𝐹(𝑡)

▶ What about strong field?

TDPT

|𝜙𝑖⟩

∣𝜙𝑓⟩
2 photons

Marie Labeye (ENS) Workshop MSQM 2024 3 / 32



Introduction

Simulation of strong-field–matter interaction

▶ Time-dependent Schrödinger Equation (hard in general)

▶ Time Dependent Perturbation Theory 𝐻 = 𝐻0 − 𝐷⃗ ⋅ ⃗𝐹(𝑡)

▶ What about strong field?

TDPT

|𝜙𝑖⟩

∣𝜙𝑓⟩
3 photons

Marie Labeye (ENS) Workshop MSQM 2024 3 / 32



Introduction

Simulation of strong-field–matter interaction

▶ Time-dependent Schrödinger Equation (hard in general)

▶ Time Dependent Perturbation Theory 𝐻 = 𝐻0 − 𝐷⃗ ⋅ ⃗𝐹(𝑡)

▶ What about strong field?

Marie Labeye (ENS) Workshop MSQM 2024 3 / 32



Introduction

Simulation of strong-field–matter interaction

▶ Time-dependent Schrödinger Equation (hard in general)

▶ Time Dependent Perturbation Theory 𝐻 = 𝐻0 − 𝐷⃗ ⋅ ⃗𝐹(𝑡)

▶ What about strong field? Model systems!
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Photoionization
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Photoionization

High-order Harmonic Generation

Three-step Model
1. Tunnel ionization
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Photoionization

High-order Harmonic Generation

Three-step Model
1. Tunnel ionization 2. Propagation 3. Recombination
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Photoionization

High-order Harmonic Generation

3. Recombination typical HHG spectrum
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Coherent XUV light source!
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Model systems for HHG
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Model systems for HHG

Analytical models
▶ Classical trajectories
▶ Lewenstein model

Numerical models
▶ Single Active Electron with

pseudo-potential
▶ Low-dimensional model
▶ TD quantum chemistry methods

(TDCI, real-time TDDFT)
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Model systems for HHG

Classical trajectories

Hypotheses
▶ After tunnel ionization, a classical free electron is ”born”

• with zero initial velocity
• at nucleus position
• it is ”ionized” → does not feel the potential

▶ This classical electron oscillates in the field 𝐹(𝑡) = −𝐹0 cos(𝜔L𝑡)
▶ The ionization can happen at anytime 𝑡𝑖
▶ The field has a constant amplitude

Equation of motion
𝑚𝑒 ̈𝑥(𝑡) = 𝑒𝐹0 cos(𝜔L𝑡)
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Model systems for HHG

Classical trajectories

̇𝑥(𝑡) = 𝑒𝐹0
𝑚𝑒𝜔L

[ sin(𝜔L𝑡) − sin(𝜔L𝑡𝑖)]

𝑥(𝑡) = 𝑒𝐹0
𝑚𝑒𝜔2

L
[ cos(𝜔L𝑡) − cos(𝜔L𝑡𝑖) − 𝜔L(𝑡 − 𝑡𝑖) sin(𝜔L𝑡𝑖)]
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Model systems for HHG

Classical trajectories

Remarks
▶ Only some trajectories return

to the nucleus after ionization

▶ Maximal excursion length
2𝑥𝛼 = 2𝑒𝐹0

𝑚𝑒𝜔2
L
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Classical trajectories Model systems for HHG

Kinetic Energy at return
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▶ Two classes of
trajectories: short
and long

▶ In the quantum
world, these
”trajectories” can
”interfere”

Marie Labeye (ENS) Workshop MSQM 2024 13 / 32



Classical trajectories Model systems for HHG

Kinetic Energy at return

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 0  0.2  0.4  0.6  0.8  1

3.17

ti
(L)

ti
(S)

tr
(S)

tr
(L)

E
k
/U

p

t/TL

▶ Kinetic energy at
return ∈ [0, 3.17𝑈p]

▶ Two classes of
trajectories: short
and long

▶ In the quantum
world, these
”trajectories” can
”interfere”

Marie Labeye (ENS) Workshop MSQM 2024 13 / 32



Classical trajectories Model systems for HHG

Kinetic Energy at return

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 0  0.2  0.4  0.6  0.8  1

3.17

ti
(L)

ti
(S)

tr
(S)

tr
(L)

E
k
/U

p

t/TL

▶ Kinetic energy at
return ∈ [0, 3.17𝑈p]

▶ Two classes of
trajectories: short
and long

▶ In the quantum
world, these
”trajectories” can
”interfere”

Marie Labeye (ENS) Workshop MSQM 2024 13 / 32



Classical trajectories Model systems for HHG

Kinetic Energy at return

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 0  0.2  0.4  0.6  0.8  1

3.17

ti
(L)

ti
(S)

tr
(S)

tr
(L)

E
k
/U

p

t/TL

▶ Kinetic energy at
return ∈ [0, 3.17𝑈p]

▶ Two classes of
trajectories: short
and long

▶ In the quantum
world, these
”trajectories” can
”interfere”

Marie Labeye (ENS) Workshop MSQM 2024 13 / 32



Model systems for HHG

HHG emission

Time-Frequency Gabor transform of HHG emission signal
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Model systems for HHG

Harmonics?

1 generating laser cycle

temporal profile
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Model systems for HHG

Harmonics?

2 generating laser cycle

temporal profile
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Model systems for HHG

Harmonics?

3 generating laser cycle

temporal profile
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Model systems for HHG

Harmonics?

4 generating laser cycle

temporal profile
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Model systems for HHG

Harmonics?

6 generating laser cycle

temporal profile
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Model systems for HHG

Harmonics?

8 generating laser cycle

temporal profile
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Model systems for HHG

Harmonics?

10 generating laser cycle

temporal profile
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Model systems for HHG

Harmonics?

20 generating laser cycle

temporal profile
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Lewenstein Model

PHYSICAL REVIE%' A VOLUME 49, NUMBER 3 MARCH 1994

Theory of high-harmonic generation by low-frequency laser fields

M. Lewenstein, "Ph. Balcou, M. Yu. Ivanov, 't Anne L'Huillier, and P. B. Corkum
Joint Institute for Iaboratory Astrophysics, University of Colov'ado, Boulder, Colorado 80809 0$-40
Service des Photons, Atomes et Molecules, Centre d'Etudes de Saclay, 91191 Cif sur Yvette, Prance

National Research Council of Canada, M 88A-, Ottawa, Ontario, Canada EC1A OR6
Lawrence Livermore National Laboratory, L $)3,-P.O. Box 5508, Livermore, California 9/550

(Received 19 August 1993)

We present a simple, analytic, and fully quantum theory of high-harmonic generation by low-
frequency laser fields. The theory recovers the classical interpretation of Kulander et al. in [Pro
ceedin9s of the SILAP III Workshop, edited by B. Piraux (Plenum, New York, 1993)] and Corkum
[Phys. Rev. Lett. 71, 1994 (1993)] and clearly explains why the single-atom harmonic-generation
spectra fall ofF at an energy approximately equal to the ionization energy plus about three times the
oscillation energy of a free electron in the field. The theory is valid for arbitrary atomic potentials
and can be generalized to describe laser fields of arbitrary eOipticity and spectrum. We discuss the
role of atomic dipole matrix elements, electron rescattenng processes, and of depletion of the ground
state. We present the exact quantum-mechanical formula for the harmonic cutoK that difFers from
the phenomenological law I„+3.17U„where I„ is the atomic ionization potential and U„ is the
ponderomotive energy, due to the account for quantum tunneling and diffusion efFects.

PACS number(s): 42.65.Ky, 32.80.Rm

I. INTRODUCTION

In recent years, high-order harmonic generation (HG)
has become one of the major topics of multiphoton
physics [1]. When an intense short-pulse laser inter-
acts with an atomic gas, the atoms respond in a nonlin-
ear way and emit coherent radiation at frequencies that
are multiples of the laser &equency. In order to pro-
duce high-order harmonics and consequently to generate
high-energy photons, one can use either high-&equency
excimer (e.g. , KrF) lasers ( [2,3]) or low-frequency lasers
(Nd:glass, Ti:sapphire) such that the laser frequency io

is much smaller than the ionization potential. In the lat-
ter case the harmonic spectrum has a very characteristic
and universal shape: it falls oK for the 6rst few har-
monics, then exhibits a plateau where all the harmonics
have the same strength, and ends up with a sharp cut-
og Several groups (see, for example, [4,5] and references
therein) have performed experiments in which they ob-
served generation of harmonics of the 100th and higher
order, extending as far as 150 eV.

One of the most interesting questions regarding these
harmonic-generation spectra concerns the nature and lo-
cation of the cutoK Obviously, this question is of great
importance from the point of view of possible applica-
tions. The cutoK location sets the ultimate limit for
the highest &equency that can be efhciently generated.
Numerical calculations of Krause et al. [6] have shown

Permanent address: Centrum Fizyki Teoretycznej PAN, Al.
Lotnik6w 32/46, 02—668 Warsaw, Poland.

t Permanent address: General Physics Institute, Vavilov Str.
38, Moscow 117942, Russia.

that the maximum energy at the end of the plateau is
well approximated by the simple and universal formula
Ip + 3Up where Iz is the atomic ionization potential,
while U„= E2/4ur2 is the ponderomotive energy in the
laser 6eld of strength E and &equency u. U„ is the mean
kinetic energy aquired by a &ee electron in the oscillating
laser field of the strength E. The cutoH' in the harmonic
spectrum occurs for harmonics of order higher than

N „(Ip+ 3U„)/io.

The overall maximal photon energy (in units of io) that
can be achieved is then approximately given by the value
of this expression at the saturation intensity I, t, at which
the atom ionizes. Note, however, that Eq. (1) deterinines
the location of the cutofF in a single-atom spectrum. It
can be modified when collective effects (phase matching)
become relevant [7].

A very important insight into the physical understand-
ing of this cuto8' law formula has recently been given by
Kulander et al. [8] and by Corkum [9], using a semi-
classical approach. In this model, electrons first tun-
nel through the barrier formed by the atomic potential
and the laser field [10,11] and appear in the continuum
with zero velocity. Their subsequent motion in the field
is treated classically. Only those electrons that return
to the nucleus can emit harmonics by recombining to
the ground state. Classical simulations [8,9] show that
the maximum kinetic energy acquired by the &ee elec-
trons &om the 6eld when they return to the nucleus is
3.2U&. Thus the maximal energy of emitted photons is
I„+3.2U~, close to the prediction of [6]. The semiclas-
sical approach is based on three basic assumptions. The
dominant contribution to HG comes &om electrons that
(i) return to the nucleus, (ii) appear in the continuum
with zero velocity, and (iii) finally, have an appropri-

1050-2947/94/49(3}/2117(16}/$66.00 49 2117 1994 The American Physical Society
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Lewenstein Model

Hypotheses
▶ Single Active Electron
▶ Bound states contributions are neglected
▶ Ground state depletion is neglected
▶ Plane Wave Approximation for continuum states
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Lewenstein Model

HHG emission dipole

d(𝜔) = ∫ d𝑡𝑟 ∫
𝑡𝑟

0
d𝑡𝑖 ∫ dp drec(p+A(𝑡𝑟))𝑑ion(p+A(𝑡𝑖), 𝑡𝑖) e−𝑖[𝑆(p,𝑡𝑟,𝑡𝑖)−𝜔𝑡𝑟] + ̃𝑐𝑐.

𝑆(p, 𝑡𝑟, 𝑡𝑖) = ∫
𝑡𝑟

𝑡𝑖

d𝜏 ([p + A(𝜏)]2
2 + 𝐼p)

𝑑ion(k) = ⟨k| − D ⋅ F(𝑡) |𝜙0⟩
drec(k) = ⟨𝜙0| D |k⟩
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Saddle-point Approximation

Compute the integral with Saddle Point Approximation:
∇(𝑆(p, 𝑡𝑟, 𝑡𝑖) − 𝜔𝑡𝑟) = 0

∫
𝑡𝑟

𝑡𝑖

[p + A(𝜏)] d𝜏 = 0

classical trajectory with r(𝑡𝑖) = r(𝑡𝑟)

[p + A(𝑡𝑟)]2
2 + 𝐼p − 𝜔 = 0

energy conservation at recombination

[p + A(𝑡𝑖)]2
2 + 𝐼p = 0

energy conservation at ionization
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Low-dimensional Models
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Low-dimensional Models

1D models

1D electron on a grid
▶ Soft-Coulomb potential 𝑉 (𝑥) = − 𝑍√

𝑎2 + 𝑥2 with 𝑍 = 1 for (neutral) atoms

▶ Molecular Soft-Coulomb 𝑉 (𝑥) = − 𝑍1
√𝑎2

1 + (𝑥 − 𝑅0/2)2
− 𝑍2

√𝑎2
2 + (𝑥 + 𝑅0/2)2

with 𝑍1 + 𝑍2 = 1
▶ Adjust regularization parameter 𝑎 to match ionization potential
▶ 2nd-order Laplacian approximation → Tridiagonal Hamiltonian
▶ Crank-Nicolson algorithm

[1 + 𝑖𝐻 (𝑡 + Δ𝑡
2 ) Δ𝑡

2 ] |𝜓(𝑡 + Δ𝑡)⟩ = [1 − 𝑖𝐻 (𝑡 + Δ𝑡
2 ) Δ𝑡

2 ] |𝜓(𝑡)⟩ + 𝑂(Δ𝑡3)
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1D models Low-dimensional Models

2-center interference

Molecules act like Young’s two slits!

[Labeye et al., PRA (2019)]
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Low-dimensional Models

2D Models

Versatile!

▶ 1 electron in 2D 𝑉 (𝑥, 𝑦) = − 𝑍
√𝑎2 + 𝑥2 + 𝑦2

▶ 1 electron in 1D and 1 nuclear coordinate
𝑉 (𝑥, 𝑅) = − 𝑍1

√𝑎1(𝑅)2 + (𝑥 − 𝑅/2)2 − 𝑍2
√𝑎2(𝑅)2 + (𝑥 + 𝑅/2)2

▶ 2 electrons in 1D 𝑉 (𝑥1, 𝑥2) = 𝑉𝑁𝑒(𝑥1) + 𝑉𝑁𝑒(𝑥2) + 𝑉𝑒𝑒(𝑥1, 𝑥2)
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Multielectronic models
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Multielectronic models

HHG in molecules

Limits of the Single Active Electron approximation

Ground state of the ion Excited state of the ion
+
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Multielectronic models

Choice of the Basis

▶ Grid:
• Good representation of the bound states
• Good representation of the continuum states
• Costly! (ok for low dimensional systems)

▶ Gaussians:
• Good representation of the bound states
• Allow to reduce computational cost
• What about continuum states ?
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▶ Grid:
• Good representation of the bound states
• Good representation of the continuum states
• Costly! (ok for low dimensional systems)

▶ Gaussians:
• Good representation of the bound states
• Allow to reduce computational cost
• What about continuum states ? Kaufmann optimized gaussians [J.Phys.B (1989)]
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Multielectronic models

Choice of the Basis
▶ Grid:

• Good representation of the bound states
• Good representation of the continuum states
• Costly! (ok for low dimensional systems)

▶ Gaussians:
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• Allow to reduce computational cost
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Low dimensional systems can be used to benchmark the
Gaussian-based method!
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Multielectronic models

Ground state

1D H+
2
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Good representation of the ground state

[Labeye et al. JCTC (2018)]
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Multielectronic models

Continuum states

1D H+
2
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Multielectronic models

Continuum states

1D H2 E=0.02 a.u.
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Multielectronic models

Continuum states lifetime

The continuum states are centered around the nuclei
The ionized electron ”cannot leave”
Heuristic Lifetime Model
▶ Enforce a decrease of population to model ionization
▶ Add an imaginary part to the energy of continuum states → finite lifetime

▶ The lifetime is computed as 𝜏 = 𝑑√
2𝐸

[Coccia et al. Int.J.Q.Chem. 2016]
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Multielectronic models

HHG spectrum

1D H+
2
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Multielectronic models

2-center interference

1D H+
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Conclusions
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Conclusions

▶ Strong field processes require to solve the full TDSE
▶ Approximations have to be made
▶ Low dimensional systems are versatile tools to model complex processes
▶ Gaussian-based method can model strong field processes at medium intensities
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