
I. Hypotheses II. Qualitative analysis III. Quantitative analysis IV. Conclusion V. Epilogue

Representation of a molecular-electronic transition
Reduced-density-matrix theory meets matrix

perturbation theory

Thibaud Etienne
Toulouse — Jan 11, 2022

thibaudetienne.wordpress.com

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 0



I. Hypotheses II. Qualitative analysis III. Quantitative analysis IV. Conclusion V. Epilogue

I. Hypotheses

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 1



I. Hypotheses II. Qualitative analysis III. Quantitative analysis IV. Conclusion V. Epilogue

I. Hypotheses
N electrons “in” L real-valued spinorbitals defined on D := R3 × {↑, ↓}

One-reference electronic excited-state quantum-chemical calculation methods

L spinorbitals from the GS (|ψ0〉) calculation form the “Canonical basis”

C := (ϕ1, . . . , ϕL)

We define C as the span of C

C := span (ϕ1, . . . , ϕL) =

{
L∑

`=1

λ`ϕ` : (λ1, . . . , λL) ∈ R1×L
}

We consider a finite set of M molecular electronic excited states

S = {|ψ1〉 , . . . , |ψM 〉}
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I. Hypotheses

Definition I.1. Let A and B be m ×m and n × n complex-valued matrices,
respectively. The direct sum of A and B reads

A⊕B =

(
A 0m×n

0n×m B

)
.
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Definition I.1. Let A and B be m ×m and n × n complex-valued matrices,
respectively. The direct sum of A and B reads

A⊕B =

(
A 0m×n

0n×m B

)
.

Definition I.2. An n–tuple a↓ = (a↓1, . . . , a
↓
n) of real numbers is given in

decreasing order if
a↓1 ≥ · · · ≥ a↓n.
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II.1 Natural orbitals – Generalities
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II.1 Natural orbitals – Generalities
We set the one-electron reduced difference (∆̂) and transition (T̂) density
operators:

∀m ∈ J1,MK, ∆̂0→m
1 :=

N∑

i=1

trJ1,NK\{i} (|ψm〉 〈ψm| − |ψ0〉 〈ψ0|) ,

T̂0→m
1 :=

N∑

i=1

trJ1,NK\{i} (|ψm〉 〈ψ0|) .

Their restriction on C has aMatrix representation in the C basis:

C∆̂0→m
1

:=M
(

∆̂0→m
1

∣∣∣
C
,C
)
∈ SL,

CT̂0→m
1

:=M
(

T̂0→m
1

∣∣∣
C
,C
)
∈ RL×L,

where SL is the set of L× L real symmetric matrices.

C = span (C), where C stands for the L–dimensional “Canonical” basis
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II.1 Natural orbitals – Generalities
Again:

C∆̂0→m
1

:=M
(

∆̂0→m
1

∣∣∣
C
,C
)
∈ SL,

CT̂0→m
1

:=M
(

T̂0→m
1

∣∣∣
C
,C
)
∈ RL×L.

In what follows,

γ̂∆ will stand for any ∆̂0→m
1

∣∣∣
C
, with

γ∆ :=M (γ̂∆,C) ,

γ̂T will stand for any T̂0→m
1

∣∣∣
C
, with

γT :=M (γ̂T,C) .

C = span (C), where C stands for the L–dimensional “Canonical” basis
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II.1 Natural orbitals – Generalities
Any γ∆ is an L× L real symmetric matrix. Let

U := (ur)r∈J1,LK

be the L–tuple of its eigenvectors, the so-called “natural difference orbitals” in
the C basis,

and let
u := (ur)r∈J1,LK

be the L–tuple of its eigenvalues, the so-called “difference occupation numbers”.

We then build the so-called detachment

γd := −Udiag (min (ur, 0))r∈J1,LK U
>

and attachment
γa := Udiag (max (ur, 0))r∈J1,LK U

>

1–RDM’s.

γ∆ stands for any one-electron difference density matrix in the L–dimensional C basis
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Figure – Detachment (top) and attachment (bottom) densities.
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II.1 Natural orbitals – Generalities
γT is an L× L real matrix. Let

L := (`r)r∈J1,LK

be the L–tuple of its left-singular vectors, the so-called “left natural transition
orbitals” in the C basis.

Let

R := (rr)r∈J1,LK

be the L–tuple of its right-singular vectors, the so-called “right natural tran-
sition orbitals” in the C basis, and let

s := (sr)r∈J1,LK

be the L–tuple of its singular values.

The left and right singular vectors are paired (each pair shares a singular value).

γT stands for any one-electron transition density matrix in the L–dimensional C basis
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Figure – One pair of natural transition orbitals.
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II.1 Natural orbitals – Generalities
From what precedes, we get

γ̂∆ =

C basis︷ ︸︸ ︷
L∑

r=1

L∑

s=1

(γ∆)r,s |ϕr〉 〈ϕs| =

U basis︷ ︸︸ ︷
L∑

r=1

ur |ur〉 〈ur|

and
γ̂T =

L∑

r=1

L∑

s=1

(γT)r,s |ϕr〉 〈ϕs|
︸ ︷︷ ︸

C basis

=

L∑

p=1

sp |`p〉 〈rp|
︸ ︷︷ ︸
L andR bases

.

Finally, consider the transition “electron” operator and matrix representation

γ̂e =
L∑

p=1

s2
p |`p〉 〈`p| , γe :=M (γ̂e,C) = γT

>γT
>,

and the transition “hole” operator and matrix representation

γ̂h =

L∑

p=1

s2
p |rp〉 〈rp| , γh :=M (γ̂h,C) = γT

>γT
>.
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L∑

s=1

(γT)r,s |ϕr〉 〈ϕs|
︸ ︷︷ ︸

C basis

=

L∑

p=1

sp |`p〉 〈rp|
︸ ︷︷ ︸
L andR bases

.

Finally, consider the transition “electron” operator and matrix representation

γ̂e =

L∑

p=1

s2
p |`p〉 〈`p| , γe :=M (γ̂e,C) = γT

>γT
>,

and the transition “hole” operator and matrix representation

γ̂h =

L∑

p=1

s2
p |rp〉 〈rp| , γh :=M (γ̂h,C) = γT

>γT
>.
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II.2 Natural orbitals – The CIS method
The case of CIS

occupied virtual

E

Figure – Canonical picture of an electronic transition with the CIS method.
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II.2 Natural orbitals – The CIS method

With this method, the 1–TDM in the C basis is an L×L matrix partitioned as

γT =

(
0ov 0ov
X>v 0v

)
with X ∈ RN×(L−N)

The CIS 1–DDM reads

γ∆ = γTγT
> − γT

>γT =
(
−XX>

)
⊕X>X.

Lemma II.1. The product of a real matrix by its transpose is positive semide-
finite.

CIS NTO’s and NDO’s are identical in the C basis, and

(γd = γh = XX> ⊕ 0v) =⇒ nd = nh,

(γa = γe = 0o ⊕X>X) =⇒ na = ne.

1–TDM is the one-electron reduced transition density matrix
1–DDM is the one-electron reduced difference density matrix

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 19
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Figure – Detachment/attachment (or hole/electron) picture of a CIS transition.
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II.2 Natural orbitals – The CIS method

Figure – Canonical (left) and NTO/NDO (right) picture of a CIS transition.
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II.2 Natural orbitals – The CIS method

γ̂∆ γ̂T

C C

γT nilpotentSL 3 γ∆

Diagonalization SVD•
γh
γe

Paired NTO’s

•
γd
γa

Paired NDO’s
=

=

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 22



I. Hypotheses II. Qualitative analysis III. Quantitative analysis IV. Conclusion V. Epilogue

Chapter II.3

Natural orbitals – Beyond CIS
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II.3 Natural orbitals – Beyond CIS
Let x and y be the vectors containing single-electron excitation and de-excitation
amplitudes used for computing matrix elements

T̂ :=

N∑

i=1

L∑

a=N+1

(
xia â†î− yia î

†â
)
.

1–DDM elements in the C basis have the following expression:

∀(r, s) ∈ J1, LK2, (γ∆)r,s =
〈
ψ0

∣∣∣
[
T̂ †,

[
r̂†ŝ, T̂

]]∣∣∣ψ0

〉
.

1–TDM elements in the C basis have the following expression:

∀(r, s) ∈ J1, LK2, (γT)s,r =
〈
ψ0

∣∣∣
[
r̂†ŝ, T̂

]∣∣∣ψ0

〉
.

1–DDM is the one-electron reduced difference density matrix
1–TDM is the one-electron reduced transition density matrix

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 24
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xia â†î− yia î
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xia â†î− yia î
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r̂†ŝ, T̂

]]∣∣∣ψ0

〉
.

1–TDM elements in the C basis have the following expression:

∀(r, s) ∈ J1, LK2, (γT)s,r =
〈
ψ0

∣∣∣
[
r̂†ŝ, T̂
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II.3 Natural orbitals – Beyond CIS
With this method, the 1–TDM in the C basis is an L×L matrix partitioned as

γT =

(
0ov Yv

X> 0v

)

with the excitation and de-excitation amplitudes being stored in

X ∈ RN×(L−N),

Y ∈ RN×(L−N).

The 1–DDM in the C basis is again block-diagonal, and reads

γ∆ =
(
−XX>−YY>

)
⊕
(
X>X + Y>Y

)
.

Lemma II.2. The sum of two positive semidefinite matrices is positive semi-
definite.

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 25
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II.3 Natural orbitals – Beyond CIS
The EOM-TDDFT detachment/attachment 1–RDM’s read

γd =
(
XX>+ YY>

)
⊕ 0v,

γa = 0o ⊕
(
X>X + Y>Y

)
.

On the other hand, we have the transition hole/electron 1–RDM’s

γh = XX>⊕Y>Y,

γe = YY>⊕X>X.

This implies that for EOM–TDDFT, the two pictures do not coincide:

γd 6= γh =⇒ nd 6= nh,

γa 6= γe =⇒ na 6= ne.

For this method, NTO’s and NDO’s are, in general, NOT identical.

For this method, NDO’s are, in general, unpaired.

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 26
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C C
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II.3 Natural orbitals – Beyond CIS

Figure – Widespread schematic interpretation of light-induced electronic transition.
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Figure – Widespread schematic interpretation of light-induced electronic transition.
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II.3 Natural orbitals – Beyond CIS
The abovementioned transition picture in terms of a series of

transition-hole NTO −→ transition-electron NTO

maps

, together with the

transition-hole density −→ transition-electron density

map is dangerous beyond CIS.

T̂1 is the 1–TDM, i.e., the one-body reduced transition density matrix
N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 30
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Truncated CI expansion T̂0→m
1,AMBW

T̂0→m
1,native
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1,AMBW
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1,native

Killer condition!

=
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II.3 Natural orbitals – Beyond CIS
Reminder: the one-particle reduced difference (∆̂) and transition (T̂) density
operators

∀m ∈ J1,MK, ∆̂0→m
1 :=

N∑

i=1

trJ1,NK\{i} (|ψm〉 〈ψm| − |ψ0〉 〈ψ0|) ,

T̂0→m
1 :=

N∑

i=1

trJ1,NK\{i} (|ψm〉 〈ψ0|) ,

Interpretation

Difference density matrix: “Population difference”, “Departure/Arrival”,...

Transition density matrix: “Coherence”, “Interference”, “Coupling”,...

+ The 1–TDM misses multiple excitations and orbital relaxation effects.
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II.3 Natural orbitals – Beyond CIS

The case of EOM-TDDFT

1. NDOs are, in general, unpaired.

2. NTOs are not meant to provide a “departure/arrival” picture.

3. TDDFRT transition pictures: incomplete, equivocal, or arbitrary ?

Conclusion

To date, there is no universal “departure/arrival ” natural-spinorbital
representation of molecular-electronic transitions.
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III. Quantitative analysis
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III. Quantitative analysis

arxiv.org/abs/2104.13465
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Chapter III.1

Transition numbers
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III.1 Transition numbers

We have, by construction, that

L∑

`=1

max (u`, 0) = tr (γa).

Since no fraction of charge was gained or lost during the electronic transition,

tr (γd) = tr (γa) =: ϑ.

In 2011, Le Bahers and coworkers 1 defined a number, the transferred charge:

ϑ ≥ qCT :=
1

2

∫

R3

dr1 |n∆(r1)| .

u = (ur)r∈J1,LK is the L–tuple of eigenvalues of the real symmetric γ∆.

1JCTC 2011, 7, 2498–2506.
N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 41
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III.1 Transition numbers

We have, by construction, that

L∑

`=1

max (u`, 0) = tr (γa).

Since no fraction of charge was gained or lost during the electronic transition,

tr (γd) = tr (γa) =: ϑ.

In 2015, we gave the proof 2 that:

ϑ ≥ qCT :=
1

2

∫

R3

dr1 |n∆(r1)| .

u = (ur)r∈J1,LK is the L–tuple of eigenvalues of the real symmetric γ∆.

2JCTC 2015, 11, 1692–1699.
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Chapter III.2

HG’s conjecture and beyond
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III.2 HG’s conjecture and beyond
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III.2 HG’s conjecture and beyond

p is the trace of the detachment/attachment 1–RDM’s.
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III.2 HG’s conjecture and beyond

⇒ Can we prove that orbital relaxation increases the CIS γd/γa traces ?

Answer: Yes, it does.

⇒ Can we extend this result beyond CIS ?

Answer: Yes, it is.

⇒ Can we provide exact boundary values to the transferred charge ?

Answer: Yes, we can!

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 48



I. Hypotheses II. Qualitative analysis III. Quantitative analysis IV. Conclusion V. Epilogue

III.2 HG’s conjecture and beyond

⇒ Can we prove that orbital relaxation increases the CIS γd/γa traces ?

Answer: Yes, it does.

⇒ Can we extend this result beyond CIS ?

Answer: Yes, it is.

⇒ Can we provide exact boundary values to the transferred charge ?

Answer: Yes, we can!

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 48



I. Hypotheses II. Qualitative analysis III. Quantitative analysis IV. Conclusion V. Epilogue

III.2 HG’s conjecture and beyond

⇒ Can we prove that orbital relaxation increases the CIS γd/γa traces ?

Answer: Yes, it does.

⇒ Can we extend this result beyond CIS ?

Answer: Yes, it is.

⇒ Can we provide exact boundary values to the transferred charge ?

Answer: Yes, we can!

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 48



I. Hypotheses II. Qualitative analysis III. Quantitative analysis IV. Conclusion V. Epilogue

III.2 HG’s conjecture and beyond
Let x be the vector containing single-electron excitation amplitudes used for
computing matrix elements

T̂ :=

N∑

i=1

L∑

a=N+1

xia â†î.

Relaxed 1–DDM elements in the C basis have the following expression:

∀(r, s) ∈ J1, LK2, (γrlx∆ )r,s =
〈
ψ0

∣∣∣
[
T̂ †,

[
r̂†ŝ, T̂

]]
+
[
r̂†ŝ, Ẑ

]∣∣∣ψ0

〉
.

with

Ẑ :=

N∑

i=1

L∑

a=N+1

(
zia â†î− zai î†â

)
.

1–DDM is the one-electron reduced difference density matrix
1–TDM is the one-electron reduced transition density matrix

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 49
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r̂†ŝ, Ẑ
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zia â†î− zai î†â
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III.2 HG’s conjecture and beyond

The CIS unrelaxed 1–DDM is partitioned as

γ∆ :=

(
−XX> 0ov
0vo X>X

)
.

with Z being a real N × (L−N) matrix.

The CIS relaxed 1–DDM is partitioned as

γrlx∆ :=

(
−XX> Z
Z> X>X

)
.

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 50
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III.2 HG’s conjecture and beyond

Theorem III.1. (Cauchy’s interlacing) Let A be a bordered n×n Hermitian
matrix partitioned as

A =

(
B y
y∗ a

)

where a is real,
B ∈ C(n−1)×(n−1),

and
y ∈ C(n−1)×1.

Let α↑ = (α↑1, . . . , α
↑
n) and β↑ = (β↑1 , . . . , β

↑
n−1) be the n–tuple of the eigenva-

lues of A sorted in the increasing order and the (n−1)–tuple of the eigenvalues
of B sorted in increasing order, respectively. Then,

α↑1 ≤ β↑1 ≤ α↑2 ≤ · · · ≤ β↑n−1 ≤ α↑n.

“∗” stands for conjugate transpose in this context.
N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 51
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III.2 HG’s conjecture and beyond

Theorem III.2. (Eigenvalue embedding I) Let A be a n × n Hermitian
matrix partitioned as

A =

(
B∗ D
D∗ C

)

with
B ∈ Cm×m (m < n).

Let α↑ = (α↑1, . . . , α
↑
n) and β↑ = (β↑1 , . . . , β

↑
m) be the n–tuple of the eigenvalues

of A sorted in the increasing order and the m–tuple of the eigenvalues of B
sorted in increasing order, respectively. Then,

∀i ∈ J1,mK, α↑i ≤ β↑i ≤ α↑i+n−m.

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 53
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III.2 HG’s conjecture and beyond

Theorem III.3. (Eigenvalue embedding II) Let A be a n× n Hermitian
matrix partitioned as

A =

(
B∗ D
D∗ C

)

with
C ∈ C(n−m)×(n−m) (m < n).

Let α↓ = (α↓1, . . . , α
↓
n) and γ↓ = (γ↓1 , . . . , γ

↓
m) be the n–tuple of the eigenvalues

of A sorted in the increasing order and the (n−m)–tuple of the eigenvalues of
C sorted in decreasing order, respectively. Then,

∀i ∈ J1, (n−m)K, α↓i ≥ γ↓i ≥ α↓i+m.

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 54
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III.2 HG’s conjecture and beyond

We set the following four L–tuples of 1–DDM eigenvalues:

u↑ := (u↑1, . . . , u
↑
L) and u↓ := (u↓1, . . . , u

↓
L),

r↑ := (r↑1 , . . . , r
↑
L) and r↓ := (r↓1 , . . . , r

↓
L),

where “u” and “u” stand for “unrelaxed”, “r” and “r” stand for “relaxed”.

From the eigenvalue embedding theorem I we find

∀i ∈ J1, NK, r↑i ≤ u↑i ≤ 0.

From the eigenvalue embedding theorem II we find

∀i ∈ J1, (L−N)K, r↓i ≥ u↓i ≥ 0.

It is then straightforward to see that

ϑrlx =

L∑

`=1

max (r`, 0) ≥
L∑

`=1

max (u`, 0) = ϑ.

For both 1–DDM’s, the NW (resp. SE) block is negative (resp. positive) semidefinite.
N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 55
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III.2 HG’s conjecture and beyond

⇒ Can we prove that orbital relaxation increases the CIS γd/γa traces ?

Answer: Yes, we can!
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III.2 HG’s conjecture and beyond

The relaxed–unrelaxed difference density matrix is partitioned as

γZ :=

(
0o Z
Z> 0v

)

with Z being a real N × (L−N) matrix.

Let q be a positive integer defined as

q := min (N,L−N) .

Let (zr)r∈J1,qK be the q–tuple of singular values of Z. Then, the trace of the
relaxation detachment/attachment 1–RDM’s is

ϑZ =

q∑

r=1

zr.

ϑ is the trace of the unrelaxed detachment/attachment 1–RDM’s.
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III.2 HG’s conjecture and beyond

Theorem III.4. (Lidskii-Wielandt) Let A and B be two n× n Hermitian
matrices.

Let C be their sum. Let

α↓ = (α↓1, . . . , α
↓
n),

β↓ = (β↓1 , . . . , β
↓
n),

γ↓ = (γ↓1 , . . . , γ
↓
n),

be the decreasing-order n–tuples of the eigenvalues of A, B, and C respectively.
Then, for any choice of 1 ≤ i1 < · · · < ik ≤ n,

k∑

j=1

(
γ↓ij − α

↓
ij

)
≤

k∑

j=1

β↓j .
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III.2 HG’s conjecture and beyond

Corollary III.1. Let A and B be two n × n Hermitian matrices. Let C be
their sum. Let

α↓ = (α↓1, . . . , α
↓
n),

β↓ = (β↓1 , . . . , β
↓
n),

γ↓ = (γ↓1 , . . . , γ
↓
n),

be the decreasing-order n–tuples of the eigenvalues of A, B, and C respectively.
Then, the γ↓ n–tuple is majorized by

(
α↓ + β↓

)
, i.e.,

∀k ∈ J1, nK,
k∑

j=1

γ↓j ≤
k∑

j=1

(
α↓j + β↓j

)
and

n∑

j=1

γ↓j =

n∑

j=1

(
α↓j + β↓j

)
.

Chosing A = γ∆, B = γZ , C = γrlx∆ , and k = L−N , we find
(
ϑ ≤ ϑrlx ≤ ϑ+ ϑZ

)
and qCT ∈

[
0,
(
ϑ+ ϑZ

)]
.
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III.2 HG’s conjecture and beyond

P is γrlx
∆ .
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III.2 HG’s conjecture and beyond

⇒ Can we prove that orbital relaxation increases the CIS γd/γa traces ?

Answer: Yes, we can!

⇒ Can we extend this result beyond CIS ?

Answer: Yes, we can!

⇒ Can we provide exact boundary values to the transferred charge ?

Answer: Yes, we can!
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IV. Conclusion
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IV. Conclusion – Map
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V. Epilogue – The MESRA software

mesrasoftware.wordpress.com
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II. Qualitative analysis

Electronic transition: transition between two electronic states

Ĥ |ψi〉 = Ei |ψi〉 (i ∈ J0,MK)

Black → “Ground” state ; Blue → First “Excited” state
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II. Qualitative analysis

Electronic transition: transition between two electronic states

Ĥ |ψi〉 = Ei |ψi〉 (i ∈ J0,MK)

The |ψ0〉 −→ |ψ1〉 electronic transition energy is simply given by

∆E0→1 = E1 − E0.

For each state (i ∈ J0,MK) there corresponds a mathematical object called
wave function

(r1, σ1, r2, σ2, . . . , rN , σN ) 7−→ ψi(r1, σ1, r2, σ2, · · · , rN , σN ).

One can have a simple idea about the electronic spatial distribution by
considering the state electron density

|ψi〉 7−→ ψi 7−→ [r1 7−→ ni(r1)] ,

i.e., a very simple object with only three dimensions instead of 4N .
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One can have a simple idea about the electronic spatial distribution by
considering the state electron density

|ψi〉 7−→ ψi 7−→ [r1 7−→ ni(r1)] ,
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III.2 Quantitative analysis

nd(r)

na(r)na(r)

Figure – Illustration of an extreme case of local transition.
Thibaud Etienne Molecular Excited States ICGM – CTMM 30

This distribution is unique for a given quantum electronic state, and reflects
some of the properties of the molecule in this state. 2

ni(r1) = N
∑

σ1∈{↑,↓}

∫

D
ds′1 δ(s1−s′1)

∫

D
ds2 · · ·

∫

D
dsN ψi(sj)j∈J1,NKψi(s′j)

e
j∈J1,NK

D := R3 × {↑↓}
(sj) := (rj , σj)
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This distribution is unique for a given quantum electronic state, and reflects
some of the properties of the molecule in this state. 2
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∫

D
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D
ds2 · · ·
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D
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e
j∈J1,NK

D := R3 × {↑↓}
(sj) := (rj , σj)

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 76



I. Hypotheses II. Qualitative analysis III. Quantitative analysis IV. Conclusion V. Epilogue

II. Qualitative analysis
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(γ)r,s ϕr(s1)ϕs(s′1)

where the spinorbitals are treated similarly to x, y and z in the three-dimensional
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II. Qualitative analysis

The state-to-density matrix-to-electron density mapping in C, i.e.,

|ψ〉 7−→ γ̂ 7−→ γ 7−→ [r 7−→ n(r)]

is surjective.

Thus, in C,

|ψ0〉 7−→ γ0 7−→ [r 7−→ n0(r)]

|ψ1〉 7−→ γ1 7−→ [r 7−→ n1(r)]
...

|ψwondermiche〉 7−→ γwondermiche 7−→ [r 7−→ nwondermiche(r)]
...

Addition of two 1–RDM’s leads to the same operation on the density functions.
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II.1 Natural orbitals – Generalities

Finding the appropriate U matrix so that U−1γU is diagonal:
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produces natural orbitals (ϕ′i)i∈J1,LK, i.e., columns of U:
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The diagonal elements of γ̃ are called natural occupation numbers.
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II.3 Natural orbitals – Beyond CIS
Reminder: the one-particle reduced difference (∆̂) and transition (T̂) density
operators

∀m ∈ J1,MK, ∆̂0→m
1 :=

N∑

i=1

trJ1,NK\{i} (|ψm〉 〈ψm| − |ψ0〉 〈ψ0|) ,

T̂0→m
1 :=

N∑

i=1

trJ1,NK\{i} (|ψm〉 〈ψ0|) ,

Residues of the Fourier transform of

−L(1, 2; 1+, 2+) = iG2(1, 2; 1+, 2+)− iG1(1; 1+)G1(2; 2+)

are, up to a partial trace, matrix elements in the s-representation of the

T̂0→m
1 T̂m→0

1 and T̂m→0
1 T̂0→m

1

operators.

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 82



I. Hypotheses II. Qualitative analysis III. Quantitative analysis IV. Conclusion V. Epilogue

II.3 Natural orbitals – Beyond CIS
Reminder: the one-particle reduced difference (∆̂) and transition (T̂) density
operators

∀m ∈ J1,MK, ∆̂0→m
1 :=

N∑

i=1

trJ1,NK\{i} (|ψm〉 〈ψm| − |ψ0〉 〈ψ0|) ,

T̂0→m
1 :=

N∑

i=1

trJ1,NK\{i} (|ψm〉 〈ψ0|) ,

Residues of the Fourier transform of

−L(1, 2; 1+, 2+) = iG2(1, 2; 1+, 2+)− iG1(1; 1+)G1(2; 2+)

are, up to a partial trace, matrix elements in the s-representation of the

T̂0→m
1 T̂m→0

1 and T̂m→0
1 T̂0→m

1

operators.

N e− in L SO’s C := (ϕ1, . . . , ϕL) S := {|ψ1〉 , . . . , |ψM 〉} 82



I. Hypotheses II. Qualitative analysis III. Quantitative analysis IV. Conclusion V. Epilogue

III.2 HG’s conjecture and beyond

γ̂∆ and γ̂rlx∆ are two C −→ C maps.

The compression of these two operators to
the virtual canonical space, Cv, using

Ĉv : (C −→ C) −→ (Cv −→ Cv)
Â 7−→ R̂†vÂR̂

†
v,

has identical matrix representation (X>X) in Cv when Â is either γ̂∆ or γ̂∆
rlx if

the compression operator R̂v has the rectangular

Rv =M
(
R̂v,C,Cv

)
=

(
0ov
Iv

)

matrix representation.
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Â 7−→ R̂†vÂR̂
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