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Introduction
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Quantum mechanics of noninteracting electrons

We consider the stationary Schrédinger equation

{Ho%'—efitpi. €1 < < En, ) 1

leille =1,

where ; is the wavefunction associated to electron i. Then,

N
m E= Zs,- is the total energy;
i=1
N
= p(x) = Z li(x)|? is the total electronic density.
i=1
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Numerical resolution

Find ¢; € (CN, st Hopi =€ipi, €1 < <epn

Orbitals ¢; are not unique (degeneracies, phase factor) ~ better to work with the projectors onto the
space spanned by the (¢;)1<i<n:

N
Pi=) I (pil € Clan™
i=1

m P is a rank N orthogonal projector (density matrices);

m the total energy then writes

N N
E=Y =) (piltop) = Tr(HoP),
i=1 i=1

and is minimal for this P among all rank N orthogonal projectors.
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We have two equivalent problems:
Hopi = €ipi, e1 < --- < ¢ .
o et N = min Tr(HoP)
Iz =1 e
where o
My ={PeCN*N|pP=pP" Tr(P)=N, P’=P}

is the set of rank N orthogonal projectors. It is a Grassmann manifold.
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General framework

In reality, electrons do interact together so that the general form of the energy is
E(P) = Tr(HoP) + En(P),

where

m P e CN*N s a density matrix;

herm

m Hy is the core Hamiltonian:

m E, models the electron-electron interaction depending on the model (Kohn-Sham DFT,
Hartree-Fock, Gross-Pitaevskii, . .. ).

min E(P) = Tr(HoP) + En(P),

PEMy

My ={PeCVN|P=pP" T(P)=N, PP=P}.
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Let H = (Ch\enxn\ HHF> endowed with the Frobenius scalar product Tr(A*B).

Assumption 1 E, : H — R is twice continuously differentiable, and thus so is E.

Assumption 2 P, € My is a nondegenerate local minimizer in the sense that there exists some n > 0
such that, for P € My in a neighborhood of P., we have

E(P) > E(P.) +n|P — P.|3.
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In practice, the required A to achieve high precision is way too high. To solve this issue, we use
subspaces of smaller dimension to compute a variational approximation of P., the reference solution in
M.
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In practice, the required A to achieve high precision is way too high. To solve this issue, we use
subspaces of smaller dimension to compute a variational approximation of P., the reference solution in

M.

Question : How to evaluate the error made on quantities of interest (Qol) ? We focus here on the
energy, the density or the forces.
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Mathematical framework
m Structure of the manifold: the tangent space
m Super-operators
m Numerical setting
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Mathematical framework
[ Jole}

Structure of the manifold: the tangent space

My is a smooth manifold, we can define its tangent space (it is a R vector space). l1p is the
orthogonal projection on Tp M y:
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Mathematical framework
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A density matrix P € My can be described with N orbitals (any orthonormal basis of Ran(P)):

N
P=> o) (il with (pilg)) =0y
i=1

Given such a P, an element X of Tp. My can be described with N vectors that are all orthogonal to the
(,D,"S:

N
X = lei (il + i) el with  (gily) =0,
i=1

¥il|?

N
= Xl =2
i=1
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Mathematical framework
(o] lo}

A density matrix P € My can be described with N orbitals (any orthonormal basis of Ran(P)):
N
P=> o) (il with (pilg)) =0y
i=1

Given such a P, an element X of Tp. My can be described with N vectors that are all orthogonal to the
(,D,"S:

N
X =) 1) Wil + i) il with  (@ilyy) =0,
i=1

2

b
Wi

N
= IX|F =2 |
i=1

PeMy & (oi)icien € (CV)V spanning Ran(P)

XeTpMny +  (Wi)icien € (CV)V where (o) =0
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Mathematical framework
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Change of norm : given X € Tp My, one might want to compute ||MX||. for a metric M on the
tangent space. This can be translated in terms of orbitals as

N N
MX =" fon) (Mpi] + M) (il s [IMX [l =2 |[Mips

i=1 i=1

where M; : Ran({p;})* — Ran({;})" and can eventually depend on the band /. In this talk we will
use (with I the projection on Ran({i;})* and t; the kinetic energy of band /):

MY o Tt — A/2)Y2N0 < HY2 norm
M & Nt —A2)Y2N(5 — A/2)Y2N < H!norm

M2 o (Nt —A/2)Y2m) < H™Y2 norm
Mt o (N(6—A/2)Y2N0( - A/2)Y2M) ™ < H™! norm
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Mathematical framework
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First order condition

min E(P) = Tr(HoP) + En(P)
PEMy

The first-order optimality condition is MNp, (H.) = 0, which gives

)

\ P.H,(1—P.,)=(1— P.)H.P. =0

where H, == VE(P,).

In particular, [H., P.] = 0.
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Mathematical framework
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Second order condition

min E(P) = Tr(HoP) 4 Eu(P)

The second order optimality condition reads

VX € To, My, (X, (R + K)X)e = 0| XI2 |

m K. :=TMp V?E(P.)Np,;
m the operator Q. : Tp, My — Tp, My is defined by,

VX ETh, My, QX :=—[P.,[H., X]].
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Mathematical framework
o] ]

Second order condition

min E(P) = Tr(HoP) 4 Eu(P)

The second order optimality condition reads

VX € To, My, (X, (R + K)X)e = 0| XI2 |

m K. :=TMp V?E(P.)Np,;
m the operator Q. : Tp, My — Tp, My is defined by,

VX ETh, My, QX :=—[P.,[H., X]].

~ Q. + K. can be interpreted as the Hessian of the energy on the manifold, €. represents the
influence of the curvature.
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Mathematical framework
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Plane-wave DFT

Throughout the talk, we perform numerical tests in DFTK!, a PW DFT tool-kit for Julia. In short:
= we consider a periodic system with lattice R, w is the unit cell and R* the reciprocal lattice;

= we solve a variational approximation of the KS-DFT equations in the finite dimensional space
* 1 2
Xe, = {ec, GER"| 5|6 < Eus}

where, for G € R*,

https://dftk.org, developed by M. F. Herbst and A. Levitt.
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Mathematical framework
o] ]

Numerical setting

m FCC phase of the silicon crystal, within LDA approximation and 2 x 2 x 2 Brillouin zone
discretization;

® we compute a reference solution for Eqytref = 125 Ha = Eqyiref defines A the size of the reference
space and we obtain the reference orbitals ®,, the energy E., density p., the forces F. on each
atoms, etc. ..

m for smaller E.,:'s, we compute the associated variational approximation and we measure the error
on different quantities:

[E—Edl, lp=pullzs  [F=Fi

GDR N-body 2022
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Crude error bounds
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Linearization

Q. + K. is the Jacobian? of P~ MpH(P) = [P, [P, H(P)]] at P..
Thus, at first order in ||P — P.||2,
[P, [P, H(P)I] = [P, [P, H(P)I + (24 + K. )(P — P).

As [P.,[P., H(P.)]] = 0, with R(P) := [P, [P, H(P)]] the residual,

Np(P - P.) = (2. + K.)'R(P)

2Eric Cances, Gaspard Kemlin, Antoine Levitt. Convergence analysis of direct minimization and self-consistent iterations.
SIAM Journal of Matrix Analysis and Applications, 42(1):243-274 (2021).
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Crude error bounds
o0

Linearization

Q. + K. is the Jacobian? of P~ MpH(P) = [P, [P, H(P)]] at P..
Thus, at first order in ||P — P.||2,

[P, [P, H(P)]] = [P, [P+, H(P)]] + (R + K.)(P — P.).
As [P.,[P., H(P.)]] = 0, with R(P) == [P, [P, H(P)]] the residual,

NP~ P.) = (2. + K.) 'R(P)]

Newton’s algorithm : extend the definition of Q and K outside of P, and let 2R be a retraction to the
manifold

pktt R p <Pk + (Q(Pk) + K(Pk))7 R(Pk)>

2Eric Cances, Gaspard Kemlin, Antoine Levitt. Convergence analysis of direct minimization and self-consistent iterations.
SIAM Journal of Matrix Analysis and Applications, 42(1):243-274 (2021).
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Crude error bounds
oce

Compare DFTK Qol for given Ecyt < Ecutref and the Qol after one Newton step in the reference grid.

100 F

o T T T
—+ |Escr — B 10 — lpscr = pullLz —+— |Fscr — Fi|
| ENewton — Ex| [lPNewton — pullL2 10-3 1 [ Fewton — Fi|
—4 [ -
10 10-2 | B
1070 :
1078 1 1070k b
ol J
Ll Ll 10
10712 410
_ 10712 :
10-16 Lu | | | | 1071 | | | | ] I | | | |
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
Eeut Eeut Eeut
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Crude error bounds
oce

Compare DFTK Qol for given Ecyt < Ecutref and the Qol after one Newton step in the reference grid.

100 T T = T T

o T T T
—+ |Escr — B 10 — lpscr = pullLz —+— |Fscr — Fi|
| ENewton — Ex| [lPNewton — pullL2 10-3 1 [ Fewton — Fi|
—4 [ -
10 10-2 | B
1070 :
1078 1 1070k b
ol J
. N 110
10-12 | 4 10
_ 10712 :
10-16 Lu | | | | 1071 | | | | ] I | | | |
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
Eeut Eeut Eeut

~> the asymptotic regime is quickly established
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Crude error bounds
°

Error bounds based on operator norms

MNp(P — P.) = (. + K.) 'R(P)

First crude bound : ||P — P,|| and ||R(P)|| cannot be
directly compared (not the same unit) but we have

1P = Pulle = [INe(P — Pu)lle
<@+ k)

RLG
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Crude error bounds
°

Error bounds based on operator norms

—+ ITLp (P = Pl

=% (2 + K7, mn )~ lop | R(P) [0
Mp(P — P.) = (R + K.) 'R(P) 10 |
10° -
First crude bound : ||P — P,|| and ||R(P)|| cannot be B E
directly compared (not the same unit) but we have 1071 E E
1072
1P = Pulle = [Mp(P — P.)l|e f ]
— 1073 £ E
< [[@- + K| IR
1074 E E
~~ the bounds are several orders of magnitude above the F ]
error. ... 1070 ¢ ‘ ‘ ‘ i

20 40 60 80

Ecut
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Crude error bounds
°

Error bounds based on operator norms

MNp(P — P.) = (2. + K.) 'R(P)
One can change the metric to get

|MY2Np(P — P.)

E

< M@ bR
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Crude error bounds
°

Error bounds based on operator norms

—— |MY2TIp(P — P,)|p

- M~'2R(P)|lr
Mp(P — P.) = (Q. + K.) 'R(P) I
xe MR+ K7 ) T Mo
x||M Y2 R(P)|lr
T T

One can change the metric to get

100 £ X E

Foo% ]

HM1/2HP(P7'D*) ’F 1071i 7

< [M2(Q. + KM MR,
- 1072

~~ the bounds are several orders of magnitude above the
error. .. 1073
~+ asymptotically HM’1/2R(P)HF ~ HMl/QI'Ip(P —P.) ’F,
though not upper bound nor guaranteed. The same ;-4
holds for ||M~*R(P)||_ ~ [|P — P.||.
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Crude error bounds
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Error bounds for the forces

Forces are decomposed into two components (local and non-local)?®.

Local forces: Let F/%(P) be the local forces on atom j

jrx
in direction «. It holds (at first order):

Fia(P) = Fi(P.) = dF(P) - Mp(P — P.);

|Fi(P) = Fia(Py)

< |[dF (P P — P.lle -

TpMpy—R

3This comes from the pseudopoentials approximations and Hellmann-Faynman theorem.
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Crude error bounds
(]

Error bounds for the forces

Forces are decomposed into two components (local and non-local)?®.

T
100 :
Local forces: Let Fjlef(P) be the local forces on atom j
in direction «. It holds (at first order):
1078 )
Fia(P) = Fi(P.) = dF(P) - Mp(P — P.);
107 | :
loc loc loc
|F (P) = B (P)| < [[dF (P 1 g, 1P = Pl - —— |F(P) - FR(P)
1079 | = %= [dF}% (P) |75 mu el P = Pille i
1 1 1 1 1
0 20 40 60 80
Ecut

~~ several orders of magnitude above !

3This comes from the pseudopoentials approximations and Hellmann-Faynman theorem.
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Crude error bounds
(]

Error bounds for the forces

Forces are decomposed into two components (local and non-local)?®.

Total forces : Combining local and nonlocal forces on all
atoms, we have F(P) € R3N#atoms 3nd

F(P) — F(P.) = dF(P)-Np(P — P.,).

~» What happens if we directly replace Mp(P — P.) by
M~1R(P) in dF(P) - Np(P — P.)?

3This comes from the pseudopoentials approximations and Hellmann-Faynman theorem.
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Crude error bounds
(]

Error bounds for the forces

Forces are decomposed into two components (local and non-local)?®.

02| A& —=  |F(P)-F(P)]
% -%- [dF(P) - (TLp(P — P.))]
' |dF(P) - (M~ R(P))]

Total forces : Combining local and nonlocal forces on all 107 -
atoms, we have F(P) € R3N#atoms 3nd

F(P) — F(P.) = dF(P) - Mp(P — P.). 107°r |
~» What happens if we directly replace Mp(P — P.) by 10-8 - |
M~1R(P) in dF(P) - Np(P — P.)?

1010 Ly | | | | -
0 20 40 60 80

Ecut
~> linearization quickly valid;
~ even if Mp(P — P.) and M~*R(P) are asymptotically equivalent, orange and blue do not match.

3This comes from the pseudopoentials approximations and Hellmann-Faynman theorem.
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B Enhanced error bounds based on frequencies splitting
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Enhanced error bounds
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Frequency splitting

Let P € My, then Tp My can be split into low and high frequencies. More precisely, given
Ecut < Ecut,ref, we have

TeMy = Ne TeMy @ Mg, TeMy
w w w
X = X1 + X2
I I I
) — 'L)l + W2

with g1 € X, Y2 € X, and Xe o = Xeows © X, -

ut,ref
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Enhanced error bounds
0O@0000

Frequency splitting

Let P € My, then Tp My can be split into low and high frequencies. More precisely, given
Ecut < Ecut,ref, we have

TeMy = N, TeMy & TNE  TeMy
w w w
X = X1 + X2
7 ) )
W — U1 + P2

with g1 € X, Y2 € X, and Xe o = Xeows © X, -

ut,ref

If P is a solution of the variational problem for a given Ecu, then R(P), M 'R(P) € M Tp My (not
exactly true in practice because of numerical quadrature errors due to exchange-correlation terms.).
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Enhanced error bounds
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: A Vioc .
Let us analyze in details the computation of F/%¢(P): F/%(P) = — Tr (‘)Rl P| so that computing
ORj o
loc . 0\/1(,)('
dF;% (P) - X for X € Tp My reduces to the scalar product of X against [1p T
ORj o
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Enhanced error bounds
[e]e] le]ole}

. 0 Vioc .
Let us analyze in details the computation of F/%¢(P): F/%(P) = — Tr <(‘)Rl P) so that computing
ORj o
loc . 0\/1(,)('
dF;%(P) - X for X € Tp My reduces to the scalar product of X against HPT'
ORj o
1076
T T T
1 . le—lrl -
m M~ 'R(P) is high frequencies; 081 . . . b
= Mp(P — P.) is mainly high frequencies but with low | " : > . |
frequencies components; ’ «F X < x
[ I'IpavIOC is mainly low frequencies. 041 !!:)i ¥ Mg * x|
ORj,a mk«,;;g T It .
0»27 !)* l& 1!‘*»: * X! x -
B LR Iﬁ%i';; o,
0 - -
|

L L L L
0 2,000 4,000 6,000 8,000

index of G by increasing norm
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Enhanced error bounds

[e]e] le]ole}
OMoc
OR;,o

Let us analyze in details the computation of F/%¢(P): F/%(P) = — Tr < P) so that computing

: OVioc
dF/%(P) - X for X € TpMy reduces to the scalar product of X against ﬂp#.
\j, o
1076
T x T
1 x€1 |
M
m M~R(P) is high frequencies; 081 g x X ! h
x
m [p(P — P.) is mainly high frequencies but with low 0.6l ”";‘! * o xx |
frequencies components; ' :"‘x * x %
8\/10(: . . . 04+ ;x’ﬁ‘!x xxxxx x |
[ ﬂpm is mainly low frequencies. : 3 gg;{g:;‘:" x}",* * x;xxx -
) x x x
02 . MR s ne |
0 |
|

L L L L
0 2,000 4,000 6,000 8,000

index of G by increasing norm
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Enhanced error bounds
[e]e] le]ole}

: O Vioc .
Let us analyze in details the computation of F/%¢(P): F/%(P) = — Tr <(‘)Rl P) so that computing
ORj o
loc . 0\/1(,)('
dF;%(P) - X for X € Tp My reduces to the scalar product of X against HPT'
ORj o
T T T T T
* x BMOC [
2+ (17P)(‘)X_7"a01 -
m M~R(P) is high frequencies; 150 |
m Mp(P — P.) is mainly high frequencies but with low
frequencies components; 1o B
MWioc . . .
n I'Ipi lo¢ g mainly low frequencies. ¥x
()RL& [ x“x
0.5 ox B
Ryge X
Wex xx

’

1 1
2,000 4,000 6,000 8,000

index of G by increasing norm

o
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Enhanced error bounds
[e]e] le]ole}

: A Vioc .
Let us analyze in details the computation of F/%¢(P): F/%(P) = — Tr <(3Rl P) so that computing
O o
- ( V()('
dl—'jf;ff(P) - X for X € Tp My reduces to the scalar product of X against I'ngRi'.
\j, o
T T T T
10-2 A —— |F(P) — F(P,)|

-x- |dF(P) - (Ip(P — P.))|
' |dF(P) - (M~1R(P))|

m M~R(P) is high frequencies;
m Mp(P — P.) is mainly high frequencies but with low
frequencies components;

1074+

OMoc . . . 1076
m [p—-—=— is mainly low frequencies.
ORja

~+ orange and blue do not match because the error and -5 |
the residual don't have the same support in frequencies,
even if HM*F\’(P)HIE ~ ||[Np(P — P.)||z asymptotically.

10—10 =

Ecut

GDR N-body 2022 24 /
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Enhanced error bounds
[e]ele] lole}

Enhanced error bounds

We decompose the error/residual relation onto Mg, TeMy @ Mg, Tp My to get

(+K);;, QQ+K),| |[Pr—Pa|  |R
(Q+K)21 (Q+K)22 P27'D*2 B ’
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Enhanced error bounds
[e]ele] lole}

Enhanced error bounds

We decompose the error/residual relation onto Mg, TeMy @ Mg, Tp My to get

{(Q +K), (Q+ K)n} [Pl — Pﬂ} - {Rl}
(Q+K)21 (Q+K)22 P27'D*2 B ’

As the kinetic energy is dominating for high-frequencies, we approximate
(Q+K)21%0 and (Q+K)22%M22,
and thus

{(Q +K)n (Q+ K)12} {'DI - 'D*l} — {Rl}
0 My P, — Po|  |R|’
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Enhanced error bounds
[e]ele] lole}

Enhanced error bounds

We decompose the error/residual relation onto Mg, TeMy @ Mg, Tp My to get

{(Q +K), (Q+ K)n} [Pl — Pﬂ} - {Rl}
(Q+K)21 (Q+K)22 P27'D*2 B ’

As the kinetic energy is dominating for high-frequencies, we approximate
(Q+K)21%0 and (Q+K)22%M22,
and thus

{(Q +K)n (Q+ K)12} {'DI - 'D*l} — {Rl}
0 My P, — Po|  |R|’

This yields a new residual, which requires only an inversion on the coarse grid Xc.,, (M2 being easy
to invert):

Rschur (P) = {(Q +K)' (R — (4 K),, M, Rz)} .

MR,
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Enhanced error bounds
000080

We managed to recover what was missing in the low frequencies.

1076 -107°
T X T T T T
1k xe1 | 1 xT'Schur,1 |
x x
x
0.8 i
0.6 - N
04 i
0.2 i
0r i
l l l l l l l l l l
0 2,000 4,000 6,000 8,000 0 2,000 4,000 6,000 8,000
index of G by increasing norm index of G by increasing norm
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Enhanced error bounds
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error estimates based on operator norms are not good;
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of the error;
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using a Schur complement to couple high and low frequencies clearly enhances the approximation
of the error;

= we can either compute error bounds or enhance the precision of the Qol;
m the coupling between high and low frequencies can be pushed further;

m Limits: we do not have guaranteed bounds, but useful in practice, valid asymptotically and for a
cost comparable to a SCF cycle (inverting Q + K).
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error estimates based on operator norms are not good;

in the PW setting, this come from the high frequencies nature of the residual;

using a Schur complement to couple high and low frequencies clearly enhances the approximation
of the error;

= we can either compute error bounds or enhance the precision of the Qol;
m the coupling between high and low frequencies can be pushed further;

m Limits: we do not have guaranteed bounds, but useful in practice, valid asymptotically and for a
cost comparable to a SCF cycle (inverting Q + K).

Preprint with more details
https://hal.inria.fr/hal-03408321
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Merci!

Let's finish with a glimpse of Toulouse!
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