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Motivation

c RDMFT (NOFT

Non-relativistic RDMFT (a.k.a. NOFT)

o Why to use RDMFT?

An efficient method for strongly correlated
electrons in two-dimensions
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The Dirac equation and its g.s. wavefunction The relativistic wavefunction

The Dirac equation for a single particle |
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where N
To(r) = —ic(ey - V) + 2mp
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(UMl The relativistic wavefunction

The Dirac equation for a single particle Il

¢A,1 l’)

(
_ | Pa2(r)
¢A(r) - ¢A73Er) )

¢A,4 l’)

whose conjugate-transpose form reads
Ph(r) = (3a1(1) 0ha(r) das(r) daa(r).
J dripl(r)9p(r) = Sas and {9} = {¥r} U {9} (NS and PS).

Field operators:

ZaAwA Z b, (r) + > dripr(r)
R
)= aaalr) =Y bapy(r) + > ddrpr(r)
A ] R

From now on, we will use blue for NS!
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The Dirac equation for many particles (Fock space) |

f/'l\(‘)/ = T_D + \//\:XIt
= /drdr’&(r —)Tr {?D(r)ﬁl(r,r')} +/drdr’Tr (Ve (¢, g (r,r)]
= Z / drdr’ [5(r = v') Tp 7 (r) + Vi (V0] A (1),
T
where we have introduced the one-particle density matrix operator
Frr(6,0) = N [8,1 (), (1)]
= _b'b,67 u(Fdur(0) + D> bdI 0T () br.r (1)
] I R

+ Z Z C/]I\SEJ¢§,#("I)QSJ,T(r)‘i‘ ZN {(/j\R(/f\;} @E’M(r/)gbs‘T(r)
s J R,S

with normal ordering (A’ [](r/)&r(r)}) taken w.r.t. [0,) ((0,]A[0,) = 0).
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The Dirac equation for many particles (Fock space) |

ﬁ(‘; = ?D + \/nl

ext
= /drdr’5(r —r)Tr {?D(r)ﬁl(r,r’)} +/drdr’Tr (Ve (', n)ng(r,r)]
— Z / drdr’ [6(r — ¢')Tp 7 (1) + Vi o (0. 0)] ALz u(r,¥),
where we have introduced the one-particle density matrix operator
Frra( ) = N [B107)5.(1)]
= bbye7,. (") dur(r) + Z Z dd 87, (F)br,r ()
1,J

+ 33" dsh % (V)0 (0= dd dedip . (r)és,(1)
S J

R,S

~

with normal ordering (N [1/) (), (r )}) taken w.r.t. [0,) ((0,|HY|0,) = 0).
NS — POSITRONIC STATES
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The Dirac equation and its g.s. wavefunction The relativistic wavefunction

The Dirac equation for many particles (Fock space) Il
{/757 @} — 0 in any basis
0= 5153 dld,
I R

Q@ = Ne — N, sectors

oo

F=€p Mo

Q=—o00

Non-diag rep. Hamiltonian to a diag representation (Bogoliubov transformation)

quB ) Vaa.

with V = e* and kg € C.

EA = eEé\AeiA = ZEB VBA
B
~ - ~ - ~t
Z ERNG) Z bt (r) + ) dripg(r)
R

We may define I:Iv(‘)/ with normal ordering w.r.t. |6V> 7/25



The Dirac equation and its g.s. wavefunction The relativistic wavefunction

The Dirac equation for many particles
(Vacuum polarization) Il

<0v|/:/(‘)’|0‘,> = <6v|H6/|6v> =
but -
(0,[Hg10,) # (0v|Hg[0v) # 0

Vacuum polarization energy:

EQ = (0.1Hy — Hyl0,) = / drdr'Tr | (3(r = ¥)To(F) + Vik(F, 1)) AP(r. )|

where

ZwR ZwR YR (r

When we define an effective vacuum there is a VP energy whenever we apply
spinor rotations! (e.g. in the diag. of the Hamiltonian when the geometry
changed)
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The Dirac equation and its g.s. wavefunction The relativistic wavefunction

The Dirac equation for many particles
(fermion-fermion interac.) IV

For the fermion-fermion interac. we use the Coulomb and Gaunt terms:
H=H +W
~ 1 N
— H(‘)/ + 5 / dridryTr [W(I‘l, rg)ng(rl, I’g)]

~ 1
v .
= Hy + 2 § dridraW,, oy 70 (r1, v2) 0w (ra, r2),
oty To1)

where

1
Wi v, n(ri,r2) = E (6,700 — (Qu,r - )]

with the second-order red. density matrix operator

Posrana (11, 12) = N [0 (205, (1), (1), (12)]
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The Dirac equation and its g.s. wavefunction The relativistic wavefunction

The Dirac equation for many particles
its energy and wavefunction V

E= min (V|H + W|V).
[W)eHq

For @ >0

W) = Z €. IQ 11 b + Z Zch dolo1R Il' b blZHdRTl

hi...lg,lor1 R

+ Z Z Ch...lolo+1lo+2RiRs bll bTb’lﬂ b/Q+2d Jr1dR]L2 + ] 100).

h,..lg,lg+1,lg+2 Ri,Re

creation of electron-positron pairs.
For Q=0

0°") = CO*Z ZCthbhde*Z zc'l’leszh b/szdRTQ -] 10v),

Il R1 I11I2 Rl RZ

NEW VACUUM N [..] w.r.t. |0¢1) 10/25



The Dirac equation and its g.s. wavefunction The relativistic wavefunction

The Dirac equation for many particles
the 1-RDM and nat. orb. VI

M1 (1, V) =(W[ AL (r, )W)
=> 1D/} (V) bu(r +Zzlo,’?¢,“ )ér.u(r)
1,J
+Y > Dok u(F)d1.(r +Zle¢Ru Vs (¥),
R )
Then,
Zloﬂdu +Zle,R¢R (r)
+ZZlDR¢, )k (r Zlosws () h(r).

Since 'D is Hermitian we can diag. it to produce the natural orbital representation

ny(r,r’) Z”AXA XA r') 0<na<1
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Relativistic reduced density matrix functional theory |

Within the constraint search formalism

Wim] = | min = (W[WW) = (¥ [ng] W]V [ma]),

where Hq(ny) is the set of states W) € Hg that yield a constrained 1-RDM (n;),
and |V [ny]) designates the state that minimizes the interaction energy (W).

Relativistic RDMFT

Eq = m%l {W [nq] + / drdr'Tr {(5(r —¥)Tp(r) + VL (¥, r)) nl(r7r’)H :

N-representable 1-RDMs (n; € Dg).
For 1-RDM in nat. orb. — Re-NOFT Eg = Eg [x, n]
A particular case (Relativistic DFT)

o = iy W' lnl+ [ drvs()n(e)].

W[l = min (V|Tp+ W|W) = (W [n]|Tp + WV [n])
W) EHo(n)
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No-pair Re-RDMFT

No-pair relativistic reduced density matrix functional
theory |
Creation of electron-positron pairs requires too much energy and maybe we can

neglect this effect.
The wavefunction will only have its electronic states filled

W) =e" > cypub,) - b0,
h,.. v

=1 ST ~
= Z Ch..iyby -+ by, [Oy).

Iyl
where the np 1IRDM reads as
~y~ ot
ny(rr') = D9, () (r).
1,J

We need spinor rotations...

We will have vacuum polarization effects!!
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No-pair Re-RDMFT

No-pair relativistic reduced density matrix functional
theory |l

I)
I
v
Il
<V
_|_
3 !

where

N Z\Y VP

V =V, +V,
= ~t
— Z/drl [Z/d"2Wu,v,T,n("17"2)”1,}:],V("2v"2) ()
— Z //drldr2WH,,Tn(r1,r2)n1n#(rg,rl)nlﬂ,(rl,rg)

MV, TyN
EO /dl’ldI’QTI' [W(rl, I’2)I12 (I’l, I’2)]
with

oo o (rr)=n (ra,r)ns (r,r)—=ny"  (r,r)n  (ra, 1)

that is the Single-Determinant approximation for the 2RDM=2RDM[1RDM].
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No-pair Re-RDMFT

No-pair relativistic reduced density matrix functional
theory Il

E™" [n},n}P] = /drdr’Tr [(é(r — ) To(r) + V2L (v, r)) (ny (r,¢") +niP(r, r/))}

+Z/dr1 lZ/dsz ,u,r,n(fhrz)ﬁ,‘},u(fzﬂz)l o u(r, )
T v,n
- //d’ldr2Wu,u,r,n(r17fz)ﬁ;f;,ﬂ(fzafl)ﬁff,u(fl’rz)

H,V,T,n

1 ~v
+ E/drldrgTr [W(ry, r2)n3P(r1,r2)] + W [nf]
W [nf]?77

E™ = E" [n},0] (np-ReRDMFT)

The usual no-pair approximation using a floating vacuum.
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No-pair Re-RDMFT

No-pair relativistic reduced density matrix functional
theory IV

W [nf]?7?

W [nf] = Y 2Dft [ deadesTe [W(rn,r2)(Ra (1) © R le2)) R (r2) © X))
1,J,K,L

thus in np-ReNOFT (np-ReRDMFT)
2DIJ = D (n,,nJ7nK,nl_).

Imposing
N (N 1)
=2 =
N-representability conditions (2D <« W)

1 et e 1
Pit = 5(W[by by b bu[V) , Q" =

And reduce to their non-relativistic counterparts in the non-rel. limit.

DD DB 1 ST DTS
W [Bibyby b W), GE = = (W |y byby by V)
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e ReRDVIFTand Koamers symmety
np-ReRDMFT Kramers restricted |

Let

hy = /drdr’fd(r’) (6(r = r’)'T'D(r) + vl (r, "')) X (r),

<UWU—/QmH&“”®ﬂUy§?M®iAﬂ)

)

<maraAm):/ﬁm,&ﬂﬂ®ikﬂﬂiyﬁﬂ&dﬂ®idﬂi

In non-rel. NOFT a restricted formalism is employed — Kramers pairs (i, i)
A pair of NOs forms a Kramer's pair (i, i) if they transform as Kx; = X7 and

KXi=—Xi
’\7_. gy 02 23
= 1<02 °'y>lco
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np-ReRDMFT Kramers restricted Il

Retaining the electron repulsion integrals with only up to two different indices

ExP e Y ha(mi+m)+ > (*D) +2D) + D +°D) y;
. —
—Z< 7'D’172D,."/J:+2Dg>JUG+Z[<2Di"+zDg) (ki — k5]
A0 +70f +20} +205) (- 5)] + 33 [(oF +200) (s )

i#j
_EgK D”+ Du+ D + Df) (Llj—l—L,?)]

where J; = (ijlij), J§ = (ijlew - ewif), K = (ijlji), Kf = (ijlew - e lji), Ly = (7jli7)
(notice that L;i = 0), and L{ = (ij|ar - a|ji).
WE ONLY NEED TO APPiROX. ‘FEW’ 2-RDM ELEMENTS.
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np-ReRDMFT and Kramer’'s symmetry

‘A np-ReRDMFT Kramers restricted approx.’
The Dirac-Hartree-Fock energy (‘spin-compensated’)

ni = ny

nn
sp’Djjt = L (16 — Sbc).

E"P-DHF — 22/7,,1’1, + Zn nJ Jij = (Kjj K’JG) N (LU - LUG”

N./2 N/2

—2Zh"+z —K7) = (L = )]
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First relativistic functionals (rel-PNOF5/7/7s) |

o Let's suppose that we have 26 PS (4-component) forming 13 Kramers pairs
@ Having 6e- (3 pairs of electrons).
@ Introduce 3 € subspaces by coupling the 13 (un)barred PS.

o For each subspace } ;.o ni = 7cqn=1

——

1
1
1
1
1
1
1
|
1
1
1
1
1 Q
1

|

___________ Q,

Account for electronic inter- and intra-subspace interactions
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First relativistic functionals (rel-PNOF5/7/7s)

Ne /2 Ne /2
Ercl—PNOFx _ Z Ea + Z Eba-
a=1 b#a

1. The first sum accounts for all intra-subspace contributions and reads as

Eo= 3 m(2h+ i+ I LE)+ 30 MKy + K+ Ly + L),
i€, HiEDs
i#j

where
pintra _ )~/ iorj < Nef2
ij -‘rm, l,_/ > Ne/2,
2. The second sum accounts for inter-subspace contributions (Ep,) that can be defined
as

Eoo= > > mimy (205 — (Ky — K§) — (Ly — L§)] + (5 + K§ + Ly + L§),
i€Qp jEQ,
where M = 0 in rel-PNOF5, My = —\/nphonghg in rel-PNOF7, and
Nirter = —an,h,nghg in rel-PNOFT7s.
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First relativistic functionals (rel-PNOF5/7/7s) Il

Properties:

@ 2e- system — Relativistic Fixed-Phases functional (in non-rel. case has
proven to be almost exact).

W3 (r,r) = Z\FG 29 [Xi(r) @ Xi(r2) — Xi(r2) ® X7(r1)]

e— = e— vy ninj o 1
(W Wi Z L H(Gi=Gi /drldrzTr[ 2(H16x16 an - ouy)

x ((i;(fl) ® Xi(r2) (X} (1) ® X1(r2)) — (;(r1) © X3(r2)) (X} (r2) © XL (1))

= (Xi(r2) ® X:(r))(X] (1) ® X} (r2)) + (Xi(r2) © Xi(r))(X] (r2) ® i}(n)))]

@ rel-PNOF5 ¢+ WreHAPSG |t s fully N-representable!
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Conclusions and future perspective

Conclusions:

@ Introduced ReRDMFT using the constraint search formalism including
electron-positron creation and annihilation processes.

o Presented npvp-ReRDMFT filling only PS and considering vp effects.

o Introduced np-ReRDMFT filling only PS neglecting vp effects (floating
vacuum).

@ Impossing Kramers symmetry (and some conditions) we have built
2pKL = 2DKL(p; n; nk, n.) — rel-PNOF5/7/Ts
Future perspective:

o Implement np-ReRDMFT functionals in DIRAC code for X2C and
4—component calculations.
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Thanks for your attention!

@ Prof. Dr. L. Visscher

g
MARIE CURI

(ReReDMFT H2020-891647)
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